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Preface

This book is largely based on the lecture notes from an introductory course on
QFTs that I taught for several years during the final semester of the undergrad-
uate Physics program at the Universitat Autònoma de Barcelona. In this regard,
I am especially grateful to Érika Dengra, who made an initial transcription of
these notes into LaTeX.

Chapter 1 presents some preliminary material. The first section introduces a
small set of acronyms used throughout the book. The second section provides
a brief summary comparing relativistic and NR notation. The third and fourth
sections contain material that, depending on how the undergraduate physics
program is structured, could be skipped or significantly condensed. This is ma-
terial that students are expected to know beforehand. Otherwise, it represents
the minimal background required to follow the course. The third section serves
as a refresher on CFT, while the fourth revisits special relativity, with an em-
phasis on its group-theoretical aspects relevant to the construction of relativistic
QFTs.

Chapter 2 focuses on QFTs for NR particles. Several aspects of the construction
of a QFT and of its physical interpretation can already be explored within the
NR framework. In particular, we will introduce the Fock space and the cre-
ation and annihilation operators associated with particles. We will also address
common misconceptions regarding the distinction between fields (as operators)
and the probabilistic interpretation of quantum states, and how this connects
with standard quantum mechanics courses. This chapter will serve as a smooth
transition toward the study of relativistic QFTs in later chapters.

Chapter 3 emphasizes that the building blocks of the Fock space in relativistic
QFTs are the one-particle unitary irreducible representations of the theory’s
symmetry group—in our case, the Poincaré group.

Chapter 4 focuses on the construction of the KG field, both real and complex,
and its connection to scalar particles. Noether’s theorem is also introduced in
this chapter.

Chapter 5 presents the general structure of the S-matrix for relativistic QFTs.
Chapter 6 applies this framework to interacting scalar theories. These examples
serve as templates for introducing Feynman diagrams and the corresponding
Feynman rules.
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Chapter 7 provides a field representation of the photon in position space.

With all the background material covered in the previous chapters, Chapter 8
presents a general set of Feynman rules applicable to most Lagrangians, and,
certainly, to the physical processes discussed in this book.

Chapters 9, 10, and 11 delve into interacting theories involving photons and mat-
ter—whether scalar relativistic particles or NR ones. Finally, the bibliography
lists the references that had the most significant influence on the development
of this book.

Sections marked with an asterisk (*) indicate content that may be skipped or
summarized in a more basic version of these lecture notes. This applies, for
example, to the Wigner method, where one may simply use the results presented
in Sec. 3.4. However, in a more advanced QFT course, such topics should be
explored more thoroughly.

Based on my experience, the material presented in this book is more than suf-
ficient for a one-semester undergraduate physics course. Therefore, we do not
cover relativistic spin-1

2
particles (typically, but not exclusively, Dirac fields),

nor do we address the regularization and renormalization of loop diagrams, nor
gravity. However, we do include a final chapter on quantum gravity to briefly
highlight its conceptual similarity with the photon case, and to show that we
already possess the tools to compute Feynman diagrams involving gravitons cou-
pled to matter and/or photons. A proper treatment of these topics—covered in
the associated Master’s course at the Universitat Autònoma de Barcelona—is
postponed to the writing of the second part of this book.

The approach taken in this book differs in some respects from traditional QFT
textbooks. I have always felt uneasy with treatments of QFT that did not
provide a smooth connection to previous courses in NR quantum mechanics or
CFTs, even though these should naturally emerge as limits of relativistic QFTs.
These lecture notes make a deliberate effort to build that bridge, particularly
with NR quantum mechanics. We also feel that, at times, introductory QFT
courses aim too high, too far, too soon—trying to see the whole of the moon.
Our goal here is more modest, and we aim to truly remain introductory, paying
close attention to the details.

Antonio Pineda

UAB, January 2026
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1 Background Material

1.1 Table of Acronyms

For ease of reference, we list below the acronyms used in this book.

QFT: Quantum Field Theory
CFT: Classical Field Theory
CM: Classical Mechanics
NR: Non-relativistic
KG: Klein-Gordon
E-L: Euler-Lagrange
EoM: Equations of Motion
QED: Quantum Electrodynamics
NRQED: Non-relativistic Quantum Electrodynamics
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1.2 Relativistic/Non-Relativistic Notation

The conventions we follow are similar to those of [7]. We take the (1,−1,−1,−1)
sign signature convention for the Minkowski metric. We will generically refer to
D = 1 + d for space-time dimensions and to d (= 3) for space dimensions. By
default, d-dimensional vectors in the NR notation will have the index up. We
will use boldface to emphasize NR conventions, particularly when the notation
is potentially ambiguous.

� ∂i =
∂
∂xi ≡∇i

� Four-vector notation: Aµ = (A0, A⃗) ≡ (A0,A)

� Magnetic field

Bk = −1

2
ϵkijFij = −

1

2
ϵkij(∂iAj−∂jAi) =

1

2
ϵkij(∂iA

j−∂jAi) = (∇×A)k .

We stress that the i sum index does not have a (−1) associated with it, as
it is the relativistic convention for summation of one upper and one lower
index. In the NR notation, we want all indices to be up and use Euclidean
summation convention. This is why we introduce ∇i.

� Electric field

Ei = −∂0Ai + ∂iA0 = F i0 = −∂0Ai −∇iA0.

� Covariant derivative (minimal coupling with the electromagnetic field)

iD0 = i∂0 − eA0, iD = i∇+ eA or iDµ = i∂µ − eAµ , (1.1)

where the minus sign multiplying e is convention.

� Canonical coordinates for a four-vector. We take the coordinates to be Aµ.
This means that we have to perform functional derivatives with respect
tos Ȧµ.

πµ =
∂L
∂Ȧµ

=
∂L
∂Aµ,0

,

and the Hamiltonian would read (if they were independent canonical co-
ordinates)

H =

∫
ddxπµȦ

µ − L . (1.2)

If one only has spatial-vector components, one can go to a NR setup with
the assignment: πi ≡ πi. Note that a naive analysis may lead to a wrong
sign for the spatial components.
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1.3 Classical Field Theory*

1.3.1 Motivation

We use the following example (see [1], for instance) to illustrate how CFT
emerges in the continuum/scaling limit (a→ 0)

Example:

We consider N = L/a coupled oscillators in one dimension (d = 1):

m m m

a

CM analysis

The kinetic term of each oscillator reads (we change notation: xi → ψi)

Ti =
1

2
mψ̇2

i , (1.3)

where ψi is the relative position of the particle with respect to the minimum
energy position. The sum of all kinetic energies reads

T =
1

2

N/2∑
i=−N/2

mψ̇2
i

L →∞−−−−→ T =
1

2

∑
i∈Z

mψ̇2
i , (1.4)

where in the last equation we have taken the infinite volume limit.

The total potential energy reads (in the infinite volume limit)

V =
1

2

∑
i∈Z

k (ψi+1 − ψi)
2 . (1.5)

As it is a conservative system, the Lagrangian reads

L = T − V . (1.6)

Using the E-L EoM:
∂L

∂ψi

− d

dt

∂L

∂ψ̇i

= 0 , (1.7)

one obtains

mψ̈i = k (ψi+1 − 2ψi + ψi−1) = −k(ψi − ψi+1)− k(ψi − ψi−1) . (1.8)
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Notation

From now on we switch to the following notation:

ψi ≡ ψ(t, ia) ≡ ψ(t,x) or, sometimes, ψ(x). (1.9)

This is a more suitable notation for field theory.

If we define µ ≡ m
a
and y ≡ ka, our EoM reads

⇒ µ
∂2

∂t2
ψ(t,x) =

y

a2
[ψ(t,x+ a)− 2ψ(t,x) + ψ(t,x− a)] . (1.10)

Now, recall that

f ′(x) = lim
a→0

f(x+ a)− f(x)
a

, (1.11)

f ′′(x) = lim
a→0

f ′(x+ a)− f ′(x)
a

= lim
a→0

f(x+ a) + f(x− a)− 2f(x)

a2
. (1.12)

At the continuum/scaling limit, where a→ 0 and

{
µ→ finite
y → finite

, we obtain the

wave equation (∇2ψ =
(

∂
∂x
ψ
)2

in d = 1)

µ
∂2

∂t2
ψ(t,x) = y∇2ψ(t,x) . (1.13)

If we redefine x′ ≡
√
µ

y
x and ψ̃ ≡ √µψ, we obtain

L =
1

2

∫
ddx′


(
∂ψ̃

∂t

)2

−
(
∇ψ̃

)2
√
y

µ
, (1.14)

which, up to an overall constant, is the same Lagrangian that describes electro-
magnetic waves.

Overall, when taking the continuum/scaling limit, one obtains wave equations
and fields emerge naturally.1 The path we have followed is the following:

(A) CM → L → EoM −−→
a→0

EoM (fields).

1Note that the continuum limit can also be taken for a system in a finite volume.
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There is an alternative method, though. It consists of taking the continuum
limit at the beginning:

(B) CM −−→
a→0

L (fields)
How to−−−−−→
derive it?

EoM (fields).

To follow this alternative path, we first need to write the Lagrangian in terms
of fields using the following limit:∑

i∈Z

a→
∫
ddx . (1.15)

Then,

T =
1

2

∑
i∈Z

aµ (∂tψ(t, ia))
2 −−→

a→0
T =

1

2
µ

∫
ddx(∂tψ(t,x))

2, (1.16)

V =
1

2

∑
i∈Z

aY

(
ψ(t, ia+ a)− ψ(t, ia)

a

)2

−−→
a→0

V =
1

2
Y

∫
ddx (∇ψ(t,x))2 ,

(1.17)

L =

∫
ddx

{
µ

2
ψ̇2 − Y

2
(∇ψ)2

}
= L

(
[ψ], [ψ̇]; t

)
. (1.18)

We can easily generalize the above discussion to d = 3 dimensions with the
replacement (∇ψ)2 ≡ (∂x1ψ)2 + (∂x2ψ)2 + (∂x3ψ)2.

Overall, we have obtained an expression for the Lagrangian that depends on the
values of the fields all over space —this is an example of a functional. Now, the
question is how to work with functionals in order to derive the EoM. This topic
is discussed in the following sections.

1.3.2 CM vs CFT (general discussion)

In CM, we work with generalized coordinates qi, i = 1, . . . , n, and the solutions
are qi(t). To find these solutions, we write down a Lagrangian and apply the
variational principle to the action to derive the EoM:

q̈i(t) = fi({qj}, {q̇s}; t) ∀i . (1.19)

One then solves these equations and gets qi(t) ∀i.

Analogy
In CFT: i→ x and q → ϕ. So, we have the following notation (more covariant)

xi(t)→ ϕA
x (t) ≡ ϕA(t,x) , (1.20)
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where A labels internal degrees of freedom or spin, if there are any. Consequently,
the analogue of Eq. (1.19) would read

ϕ̈x = Fx

(
[ϕ], [ϕ̇]; t

)
, (1.21)

where [ϕ]→ ϕy ∀ y and [ϕ̇]→ ϕ̇z ∀ z, indicates that the equation may depend
on the values of the fields and their time derivatives throughout space. However,

in the previous example, we had a local equation: ∂2t ψ(t, x) =
y

µ
∇2ψ. Indeed,

this is what will happen in most cases. Regardless, we will derive Eq. (1.21)
using a variational principle as well.

We now explore the analogy at the level of the action and the E-L EoM.

CM: We consider an action

S =

∫ t2

t1

dtL(q, q̇, t) −→ δS = 0 −→ ∂L

∂qi
− d

dt

(
∂L

∂q̇i

)
= 0. (1.22)

Recall that

d

dt
≡ D =

n∑
j=1

{
q̇j

∂

∂qj
+ q̈j

∂

∂q̇j

}
+
∂

∂t
. (1.23)

CFT:

S =

∫ t2

t1

dtL([ϕ], [ϕ̇]; t) −→ δS = 0
?−−−−→

analogy

δL

δϕx

−D
(
δL

δϕ̇x

)
= 0, (1.24)

where now

D =

∫
ddy

(
ϕ̇y

δ

δϕy

+ ϕ̈y
δ

δϕ̇y

)
+
∂

∂t
. (1.25)

Usually, we can write the Lagrangian in terms of a Lagrangian density2

L([ϕ], [ϕ̇]; t) =

∫
ddxL

(
ϕ(t,x), ∂iϕ(t,x), ∂ijϕ(t,x) . . . , ϕ̇(t,x), ∂iϕ̇, . . . ; t,x

)
.

(1.27)

Observations:

2Note that

∂iϕ̇(x
0,x) ≡ ∂

∂xi

∂

∂x0
ϕ(x0,x). (1.26)
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� Note that we can include an arbitrary number of spatial derivatives, even
if we only have a single time derivative.

� Second-order time derivatives are not allowed if we intend to transition to
the Hamiltonian formalism and quantize the theory.3

� Note that, if we impose Poincaré symmetry, the number of time and spatial
derivatives in the Lagrangian are linked.

To quantify the above analogies we need some basic working knowledge of func-
tionals. We provide this in the following section.

1.3.3 Functionals

A functional is a mapping

F [ ] : ⟨ψ⟩ −→


⟨ψ⟩
or

A→ field(R,C)
(1.28)

where ⟨ψ⟩ is a set of functions.

We have already seen examples of functionals. For example,

L([ϕ], [ϕ̇]; t) or S[ϕ]. (1.29)

The functional derivative follows from the following definition (for arbitrary
number of dimensions and metric):

Definition

δF [φ] = F [φ+ δφ]− F [φ] ≡
∫
dxδφ(x)

δF [φ]

δφ(x)
. (1.30)

Let’s see how this definition works for some particular examples.

Example 1 : F [φ] = φ(x) identity.

F [ ] :


⟨φ⟩ → ⟨φ⟩

φ(x)→ φ(x),
φ(x) + δφ(x)→ φ(x) + δφ(x).

(1.31)

δF [φ] = F [φ+δφ]−F [φ] = δφ(x)
∀δφ
=

∫
dyδφ(y)

δF [φ]

δφ(y)
=⇒ δφ(x)

δφ(y)
= δ(x− y).

(1.32)

3This condition can be relaxed if such terms are treated as perturbations or if generaliza-
tions of the standard Hamiltonian formalism were considered.
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Example 2 : F [φ] = ∂iφ(x) =
∂
∂xiφ(x) derivative.

F [ ] :


⟨φ⟩ → ⟨φ⟩

φ(x)→ ∂iφ(x)
φ(x) + δφ→ ∂iφ(x) + ∂iδφ(x)

(1.33)

δF [φ] = ∂iδφ(x) =

∫
dyδφ(y)

δF [φ]

δφ(y)
, (1.34)

so (recall that δφ(x) is arbitrary),

∂

∂xi
δφ(x) =

∂

∂xi

∫
dyδφ(y)δ(x− y) =

∫
dyδφ(y)

(
∂

∂xi
δ(x− y)

)
, (1.35)

∥∫
dyδφ(y)

δ(∂xi φ(x))

δφ(y)
⇒ δ

δφ(y)
∂xi φ(x) =

∂

∂xi
δ(x− y) = − ∂

∂yi
δ(x− y).

(1.36)
The last equalities should be carefully understood within distribution theory.

Example 3

δ

δφ(y)
[∂i,...,ikφ(x)] = (−i)k ∂k

∂yi, . . . , ∂yik
δ(x− y). (1.37)

Example 4

� a constant: δa
δφ(x)

= 0; δ
δφ(x)

[aF + bG] = a δF
δφ(x)

+ b δG
δφ(x)

.

�
δ

δφ(x)
(F [φ]G[φ]) = δF [φ]

δφ(x)
G[φ] + F [φ] δG[φ]

δφ(x)
.

Action

The action can be written as follows

S[ϕ] =

∫ t2

t1

dtL([ϕ], [ϕ̇]; t). (1.38)

For simplicity, we omit the time integration limits in the following. We also omit
any reference to the volume V where the Lagrangian is defined. By default, we
set V = Rd.

� Minimal action

It is determined from the following equation (recall that D = 1+d = time
+ ‘space’ dimensions)

δS

δϕ(x)
= 0, with δS =

∫
dDxδϕ(x)

δS

δϕ(x)
. (1.39)
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δS = S[ϕ+ δϕ]− S[ϕ] =
∫
dt
[
L([ϕ+ δϕ], [ϕ̇+ δϕ̇]; t)− L([ϕ], [ϕ̇]; t)

]
=

∫
dt

∫
ddx

[
δϕ(t,x)

δL

δϕ(t,x)
+ δϕ̇(t,x)

δL

δϕ̇(t,x)

]

Definition of functional variation: variation over all independent fields

=

∫
dt

∫
ddx

[
δϕ
δL

δϕ
+
d

dt

(
δϕ
δL

δϕ

)
− δϕ d

dt

(
δL

δϕ̇

)]
, (1.40)

This term is zero because
δϕ(t2,x) = δϕ(t1,x) = 0 ∀x ∈ V

where δϕ̇ = d
dt
δϕ. So, we have

0 = δS =

∫
dDxδϕ

[
δL

δϕ(t,x)
− d

dt

(
δL

δϕ̇(t,x)

)]
∀ δϕ

⇒ δL

δϕ(t,x)
− d

dt

(
δL

δϕ̇(t,x)

)
= 0 . (1.41)

This is the E-L EoM in its most general form if L only depends on, at
most, first-order time derivatives of the fields.

In Eq. (1.41), d
dt

stands for the total time derivative. Its explicit form is given
in the following exercise.

Exercise

Prove that

d

dt

δL

δϕ(t,x)
=

[∫
ddyϕ̇(t,y)

δ

δϕ(t,y)
+ ϕ̈(t,y)

δ

δϕ̇(t,y)
+
∂

∂t

]
δL

δϕ(t,x)
.

(1.42)
Hint. We can define

δL

δϕ(t,x)
([ϕ(t)], [ϕ̇(t)]; t) ≡ f(t) , (1.43)

and use the definition of derivatives

lim
∆t→0

f(t+∆t)− f(t)
∆t

=⇒
{
δϕ = ∆t ϕ̇(t;y)

δϕ̇ = ∆t ϕ̈(t;y)
. (1.44)
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Functional Densities

Actions and Lagrangians are typically expressed in terms of densities. We take
the following expression as an example for an action of a relativistic theory:4

S[ϕ] =

∫
dDxL(ϕ(x), ϕ′µ(x), ϕ′µν(x);x) . (1.46)

We now want to determine how the E-L EoM looks like. The variation of the
action reads

δS =

∫
dDx [ L(ϕ+ δϕ, ϕ′µ + δϕ′µ, ϕ′µν + δϕ′µν ;x)− L(ϕ, ϕ′µ, ϕ′νµ;x)]

=

∫
dDx

[
∂L
∂ϕ

δϕ+
∂L
∂ϕ′µ

δϕ′µ +
∂L
∂ϕ′µν

δϕ′µν

]
+ . . .

=

∫
dDx δϕ

[
∂L
∂ϕ
−
(

∂

∂xµ
∂L
∂ϕ′µ

)
+

(
∂

∂xµ

∂

∂xν

∂L
∂ϕ′µν

)]
∀δϕ . (1.47)

Note that the derivatives appearing in the second equality are the standard
derivatives for functions, since the Lagrangian density is a function (not a func-
tional) of the field variables. Also note that there is no variation of x. Only the
fields are varied, since x is a label, not a variable. In the third equality, we have
performed integration by parts and fixed δϕ and its derivatives to be zero at the
time and spatial boundaries. This eliminated total derivative terms such as∫

dDx

(
∂

∂xµ
δϕ

∂L
∂ϕ′µ

)
(1.48)

in the last equality. Overall, we obtain the following EoM:

∂L
∂ϕ
−
(

∂

∂xµ
∂L
∂ϕ′µ

)
+

(
∂

∂xµ

∂

∂xν

∂L
∂ϕ′µν

)
= 0 . (1.49)

Note that this is not the standard form for the E-L EoM. The standard expres-
sion reads

∂L
∂ϕ
−
(

∂

∂xµ
∂L
∂ϕ′µ

)
= 0 . (1.50)

This is the result obtained if the Lagrangian density has the following form

L(ϕ, ϕ′µ;x) . (1.51)

4Shortcut notation

ϕ′µ ≡
∂

∂xµ
ϕ, ϕ′µν ≡

∂

∂xµ∂xν
ϕ, δϕ′µν ≡

∂

∂xµ∂xν
δϕ. (1.45)
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There are strong motivations for favoring Lagrangians of this form. First, we
aim to include only first-order time derivatives, which allows us to transition to
the Hamiltonian formalism and proceed with quantization. Furthermore, if we
impose relativistic invariance, it links the number of time and spatial deriva-
tives that can appear, leading to the general form presented in Eq. (1.51).
However, this condition can be relaxed: higher-order time (and consequently
space) derivatives may be included if treated within perturbation theory. Ad-
ditionally, relativity enforces translational invariance, as we will discuss in Sec.
4.2.2, implying that the Lagrangian density must not depend explicitly on the x
space-time coordinates. On the other hand, if we only require the presence of, at
most, first-order time derivatives—without enforcing relativity—the Lagrangian
may have this form

L([ϕ], [ϕ̇]; t) =

∫
ddxL(ϕ, ∂iϕ, ∂ijϕ, . . . ; ϕ̇, ∂iϕ̇, ∂ijϕ̇, . . . ; t,x) (1.52)

with an arbitrary number of spatial derivatives.

Finally, let us emphasize that both Lagrangians, Eqs. (1.51) and (1.52), yield
Eq. (1.41), as they only depend on first-order time derivatives at most. On the
other hand, the explicit expression for the E-L EoM will differ once written in
terms of the respective Lagrangian densities.

1.3.4 Hamiltonian Formalism

CM

We consider a system with N (fixed and small) degrees of freedom. We assume
that its dynamics can be described by the following Lagrangian:

L(qi, q̇i, t). (1.53)

Instead of q and q̇, the Hamiltonian formalism uses the canonical coordinates:
q and p. Therefore, we replace q̇ with p:

q̇i → pi =
∂L

∂q̇i
= f(q, q̇, t) . (1.54)

It is important to note that we can only perform this change of variables if it is

invertible. In other words, if the Jacobian is different from zero:
∣∣∣ ∂2L
∂q̇i∂q̇i

∣∣∣ ̸= 0. In

the following discussion, we assume this condition is satisfied.

We can also define the Hamiltonian:

H(qi, pi, t) ≡
n∑

i=1

piq̇i − L(q, q̇, t) , (1.55)
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where q̇ = q̇(q, p, t).

We can derive the EoM from this quantity using Hamilton’s equations

df

dt
= {f,H}+ ∂f

∂t
, (1.56)

where

{F,G} ≡
n∑

i=1

(
∂F

∂qi

∂G

∂pi
− ∂F

∂pi

∂G

∂qi

)
. (1.57)

Of particular relevance to us is the particular case:

{qi, pj} = δij , {qi, qj} = {pi, pj} = 0 , (1.58)

since it leads to the canonical quantization condition:

[q̂i, p̂j] = iℏδij [q̂i, q̂i] = [p̂i, p̂j] = 0 . (1.59)

Note that in this equation q̂ and p̂ are operators acting on a suitable Hilbert
space.

CFT

Let us now turn to CFT (N large and arbitrary). As before, we can also move
to canonical variables by defining the momentum as:

π(t,x) ≡ δL

δϕ̇(x, t)
, (1.60)

and the Hamiltonian as

H ([ϕ], [π], t) ≡
∫
ddx ϕ̇(x, t)π(x, t)− L

(
[ϕ], [ϕ̇], t

)
, (1.61)

where ϕ̇ ≡ ϕ̇ ([ϕ], [π]; t).

To move to canonical coordinates (and back) we need the Jacobian of the canon-
ical transformation to be different from zero:∣∣∣∣ δ2L

δϕ̇(x′, t)δϕ̇(x, t)

∣∣∣∣ ̸= 0, (1.62)

so that the inverse of the canonical transformation exists (this is a problem in
realistic physical cases, especially in those involving photons).

Hamilton’s equation for a general functional F = F ([ϕ], [π]; t) now reads

DtF = {F,H}+ ∂F

∂t
, (1.63)
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where Dt is the total time derivative of the functional, and we have used the
following definition:

Definition of Poisson’s Bracket

{F,G} =
∫
ddx

(
δF

δϕ(t,x)

δG

δπ(t,x)
− δG

δϕ(t,x)

δF

δπ(t,x)

)
. (1.64)

This equation implies that

{ϕ(t,x), π(t,x′)} = δ(d)(x− x′) , (1.65)

[ϕ(t,x), ϕ(t,x′)] = [π(t,x), π(t,x′)] = 0 . (1.66)

If the Lagrangian can be written in terms of a Lagrangian density

L
(
[ϕ], [ϕ̇]; t

)
=

∫
ddxL (ϕ(x), ϕ′µ(x); t,x) , (1.67)

the following simplifications occur:

π(t,x) ≡ δL

δϕ̇(t,x)
=
∂L
∂ϕ̇

, (1.68)

and

H ([ϕ], [π], t) ≡
∫
ddx

(
ϕ̇(x)π(x)− L

(
ϕ(x), ϕ̇(x);x

))
=

∫
ddxH, (1.69)

where
H (ϕ(x), π(x);x) = ϕ̇(x)π(x)− L

(
ϕ(x), ϕ̇(x); t,x

)
. (1.70)

Quantization

Working with the canonical formalism allows us to perform canonical quanti-
zation, which means promoting the classical Poisson brackets of the canonical
coordinates to quantum commutation relations:[

ϕ̂(t,x), π̂(t,x′)
]
= iℏδ(d)(x− x′) ,[

ϕ̂(t,x), ϕ̂(t,x′)
]
= [π̂(t,x), π̂(t,x′)] = 0 .

(1.71)

We conclude with the following remarks (some of which will also appear later
but are worth mentioning at this stage).
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Remarks

� Unless stated otherwise, we will set ℏ = 1 throughout the book.

� Note that, while p̂ can be interpreted as the generator of spatial transla-
tions in quantum mechanics, π̂(t,x) does not play the same role in QFTs
(see Exercise 8 in Sec. 1.3.5).

� In QFT the fields are operators. Therefore, fields do not have probabilistic
interpretation.

� Related to the previous point, there is no first and second quantization.
There is only one quantization (albeit with an arbitrary number of de-
grees of freedom) with operators acting on elements of a Hilbert space
(as in standard quantum mechanics courses) generating standard matrix
elements: ⟨ |Ô(x)| ⟩.

� Treating space and time on an equal footing will naturally lead us to work
in the Heisenberg picture.

1.3.5 Exercises

Some of these exercises require application of Noether’s theorem, which will be
presented in Sec. 4.2.1.

1. Compute
δF [ψ]G[ψ]

δψ(x)
.

2. Compute
δF [ψ]

δψ(x)
,

where

F [ψ] =

∫
ddxψ(x)e(∇ψ(x))2 .

Compute
δF [ψ]

δψ(x)
,

where

F [ψ] =

∫
ddx ψ4(x)

1

1 + (∇ψ(x))2
.

3. Using the principle of minimal action, find the EoM for the Lagrangian

L =

∫
ddx

{µ
2
(∂tψ(t,x))

2 − y

2
(∇ψ(t,x))2

}
.
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4. Using the principle of minimal action, find the EoM for the Lagrangian

L =

∫
ddx

{
iψ∗(t,x)(∂tψ(t,x))−

1

2m
(∇ψ∗(t,x))(∇ψ(t,x))

−V (x)ψ∗(t,x)ψ(t,x)

}
. (1.72)

Also obtain, if possible, the four-vector P µ using Noether’s theorem.

5. a) Using Noether’s theorem obtain the four-vector P µ for the Klein-Gordon
real free field theory:

L =
1

2
(∂µϕ)

2 − 1

2
m2ϕ2 ;

b) Determine the E-L and Hamilton’s EoM. Also determine H.

6. a) Using Noether’s theorem obtain the four-vector P µ for the KG complex
free field theory:

L = (∂µϕ
∗)(∂µϕ)−m2ϕ∗ϕ ;

b) Determine the E-L and Hamilton’s EoM. Also determine H.

7. Study the continuous and discrete symmetries, and obtain the associated
charges (using Noether’s theorem when possible), of the Lagrangians in
exercises 5 and 6.

8. Shift symmetry. Consider the following Lagrangian:

L =
1

2
(∂µϕ)

2 ,

and the transformation: ϕ(x) → ϕ(x) + λ. Find the generator of this
symmetry.
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1.4 Poincaré Group*

1.4.1 Group Definitions

1. A set G is a group if it has an operation “·” with the following properties:

� Closure: If g1, g2 ∈ G, then g1 · g2 ∈ G.

� Associativity: (g1 · g2) · g3 = g1 · (g2 · g3).

� Identity: There exists e ∈ G such that e · g = g · e = g ∀ g ∈ G.

� Inverse: For every g ∈ G, there exists g−1 ∈ G such that g · g−1 =
g−1 · g = e.

2. A group is non-abelian if g1 · g2 ̸= g2 · g1 in general, and abelian if g1 · g2 =
g2 · g1 ∀ g1, g2 ∈ G.

3. O(N): The set of real orthogonal matrices A of dimension N × N such
that A · AT = AT · A = I.

4. SO(N): The set of real orthogonal matrices A of dimension N × N with
determinant 1: A · AT = AT · A = I, and det(A) = 1.

5. so(N): The set of real antisymmetric matrices A of dimension N × N :
A = −AT .

6. U(N): The set of unitary complex matrices U of dimension N ×N .

7. SU(N): The set of unitary complex matrices U of dimension N ×N with
determinant 1: det(U) = 1.

8. su(N): The set of complex antihermitian matrices A of dimension N ×N
with trace zero: A = −A†, and Tr[A] = 0.

9. Associative Algebra A: A vector space over R or C with an internal product

(A,A) −→ A

(a, b) −→ a · b

satisfying:

� Distributivity:

(αa+ βc) · b = α(a · b) + β(c · b) (1.73)

a · (αb+ βc) = α(a · b) + β(a · c) (1.74)

� Associativity: a · (b · c) = (a · b) · c
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10. Lie Algebra L: A vector space over R or C with an internal product
called the Lie bracket [A,B]:

(L,L) −→ L

(A,B) −→ [A,B]

satisfying:

� Antisymmetry: [A,B] = −[B,A]

� Distributivity: [A+B,C] = [A,C] + [B,C]

� Jacobi Identity: [A, [B,C]] + [B, [C,A]] + [C, [A,B]] = 0

11. Remark. Elements of SU(N) and su(N) act as linear operators on a
complex vector space of dimension N .

12. Remark. Elements of SO(N) and so(N) act as linear operators on a real
vector space of dimension N .

13. Remark. so(N) and su(N) are Lie algebras over R.

14. A representation of L is any mapping

T : L −→ H

X −→ T (X)

where H is a set of linear operators acting on a vector space-V over R or
C such that:

� T (A+B) = T (A) + T (B)

� T ([A,B]) = [T (A), T (B)]

15. Defining Representation: Defined as the representation where H = L and
T (X) = X.

16. Remark. Every representation is determined by the behavior of the basis
Γ̃a. We consider Lie algebras over R with structure constants fabc ∈ R:

[Γ̃a, Γ̃b] = −fabcΓ̃c. (1.75)

17. Equivalent Representations: Two representations Γ̃a and Θ̃a are equiva-
lent if ∃ ξ / ξΘ̃aξ−1 = Γ̃a. This implies that

[Γ̃a, Γ̃b] = −fabcΓ̃c ⇒ [Θ̃a, Θ̃b] = −fabcΘ̃c .

18. Complex Conjugate Representation: Given a representation Γ̃a, its
complex conjugate Γ̃a∗ satisfies [Γ̃a∗, Γ̃b∗] = −fabcΓ̃c∗.
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19. Real Representation: A representation is real if it is equivalent to its
complex conjugate.

20. Adjoint Representation: Defined as T (X) ≡ adX , where

adX : L −→ L

Y −→ adX(Y ) ≡ [X, Y ]

21. Unitary Representation: A representation T is unitary if T †(A) = −T (A)
∀ A ∈ L.

22. Reducible Representation: A representation T is reducible if there exists
a subspace U ⊂ V (with U ̸= V ) / T (A)U ⊂ U ∀ A ∈ L.

23. Irreducible Representation: A representation T is irreducible if ∄ U ⊂ V
(with U ̸= V ) / T (A)U ⊂ U ∀ A ∈ L.

24. Completely Reducible Representation: A representation T is com-
pletely reducible if it is reducible and T (A)U ⊂ U ∀A ∈ L ⇒ T (A)Ū ⊂ Ū
∀A ∈ L and V = U ⊕ Ū .

25. Lie Groups. They are defined as groups where it is possible to tag all
its elements with elements of a domain of RN . Moreover, these mappings
between elements of the group and the N dimensional manifold are per-
formed via analytic functions.

RN

0⃗

α⃗

G

e

g(α⃗)

We define (up to a sign) the generators, Li, following the usual convention
in the physics community:

− iLi =
∂g(α⃗)

∂αi

∣∣∣∣
α⃗=0

. (1.76)

Note that with this definition, iLi are elements of the Lie algebra. They
yield a basis of the Lie algebra in RN . For (simple) connected Lie groups,
all elements of the group can be obtained via exponentiation of its genera-
tors. Therefore, in most cases, studying the Lie algebra will prove sufficient
for our purposes.
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1.4.2 Lorentz Group and Lie Algebra

The Lorentz group (boosts and rotations) can be defined by the condition that
the Lorentz transformations

x′µ = Λµ
νx

ν , (1.77)

leave the Minkowski metric invariant:

x′µx′µ = x′µx′νgµν = Λµ
σx

σΛν
ρx

ρgµν = xσxρgσρ =⇒ Λµ
σΛ

ν
ρgµν = gσρ . (1.78)

We restrict to the subgroup

O(1, 3)
∣∣
det(Λ)=1,Λ0

0>0
−→ SOo(1, 3), (1.79)

where SOo(1, 3) is the subgroup of the Lorentz group continuously connected to
the identity (the proper orthochronous Lorentz group).

We can write any Lorentz transformation Λ ∈ SOo(1, 3) as

Λ = BR = e−iΦ·Ke−iΘ·M, (1.80)

where R represents a rotation and B a boost. The parameters Φ are normal co-
ordinates of the group. In physical terms, they are rapidity coordinates, and are
unbounded. On the other hand, theΘ coordinates, the angles of the rotation, are
bounded. The generators of the rotations read ((Mx,My,Mz) ≡ (M1,M2,M3))

Mx = −i


0 0 0 0
0 0 0 0
0 0 0 1
0 0 −1 0

 ,My = −i


0 0 0 0
0 0 0 −1
0 0 0 0
0 1 0 0

 ,Mz = −i


0 0 0 0
0 0 1 0
0 −1 0 0
0 0 0 0

 .

(1.81)
In components they can be written in a compact way as follows: (Mk)ij = −iϵkij.

For boosts, the generators read ((Kx, Ky, Kz) ≡ (K1, K2, K3)):

Kx = i


0 1 0 0
1 0 0 0
0 0 0 0
0 0 0 0

 , Ky = i


0 0 1 0
0 0 0 0
1 0 0 0
0 0 0 0

 , Kz = i


0 0 0 1
0 0 0 0
0 0 0 0
1 0 0 0

 . (1.82)

The Lie algebra of SO(1, 3) reads

[M i,M j] = iϵijkMk, [Ki, Kj] = −iϵijkMk, [M i, Kj] = iϵijkKk. (1.83)
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The Lorentz generators can be compactly written as a single tensor, Jµν , with
the following structure

Jµν =

{
J ij = −J ji ≡ ϵijkMk

J i0 = −J0i ≡ −Ki
.

These 4 × 4 matrices can be written in a compact form in terms of their com-
ponents as follows:

(Jµν)αβ = −i(δµαδνβ − δ
µ
βδ

ν
α) .

The Lorentz matrix can then be written as follows (we leave it to the reader to
identify the antisymmetric tensor wµν with the parameters Φ and Θ):

(Λ)ρα =
(
e

i
2
wµνJµν

)ρ
α
≃ δρα + wρ

α ,

and the Lorentz Lie algebra in terms of Jµν reads

[Jµν , Jρσ] = i(gνρJµσ − gµρJνσ + gµσJνρ − gνσJµρ). (1.84)

1.4.3 Action on Fields

The Lorentz Lie algebra can also be derived from alternative representations.
Particularly useful to us is the one obtained by applying Lorentz transformations
to scalar fields. We define the general transformation as follows:

ϕ(x)→ ϕ(Λ−1x) ≡ T (Λ)ϕ(x) .

Under a rotation, a scalar field ϕ(x) transforms as

ϕ(x)→ ϕ(R−1x) ≃ ϕ(x+ iδφ n̂ ·Mx) ≃ ϕ(x)− iδφ n̂ · T (M)ϕ(x), (1.85)

where ϕ(x) is a scalar function and T (M) = x× p, where p ≡ −i∇.

For a boost in the x-direction (standard boost) with velocity v, we have:

x′ = γ(x+ vt), y′ = y,

t′ = γ(t+ vx), z′ = z,

which gives the infinitesimal transformation

ϕ(B−1x) ≃ ϕ(x+ iδvKxx) ≃ ϕ(x)− iδvT (Kx)ϕ(x); T (Kx) = −i(t∂x + x∂t).
(1.86)

and similarly in the other directions. Overall, the boost generators read

T (Kx) = −i(t∂x+x∂t) , T (Ky) = −i(t∂y+y∂t) , T (Kz) = −i(t∂z+z∂t) .
(1.87)
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In general, under a finite Lorentz transformation, we have

x′ = Λx ⇒ ϕ(x′) = e−
i
2
wµνT (Jµν)ϕ(x) ≃ ϕ(x)− i

2
δωµνT (J

µν)ϕ(x) , (1.88)

where
T (Jµν) = i(xµ∂ν − xν∂µ). (1.89)

1.4.4 Poincaré Group and Lie Algebra

The Poincaré group includes space-time translations in addition to Lorentz
transformations:

x′µ = Λµ
νx

ν + aµ. (1.90)

Thus, we introduce four additional generators P µ for space-time translations.

Under space-time translations, a scalar field ϕ(x) transforms as

ϕ(x)→ eiδa·T (P )ϕ(x) = ϕ(x− δa) = ϕ(x)− δaµ
∂

∂xµ
ϕ(x), (1.91)

so that T (P µ) ≡ P µ = i∂µ are the generators of translations.

Lie algebra of the Poincaré Group

The complete Poincaré Lie algebra is obtained by adding

[P µ, P ν ] = 0, [P µ, Jρσ] = i (gµρP σ − gµσP ρ) . (1.92)

to the commutator relations obtained in Eq. (1.84).

Generators Summary

3 rotations: J i = 1
2
ϵijkJ jk,

3 boosts: Ki = J0i,
4 translations: P µ,

 =⇒ basis of the Poincaré Lie algebra.

(1.93)

It should be emphasized that the Lie algebra of the Poincaré group does not
involve any ℏ.

1.4.5 Exercises

1. Compute LE ≡ eθσ and x′ = eθσx, where x = (x1, x2, x3, x4) and (λ2 +
µ2 + ν2 = 1)

σ =


0 0 0 iλ
0 0 0 iµ
0 0 0 iν
−iλ −iµ −iν 0

 .
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2. Rewrite the result of the previous exercise after applying the transforma-
tion x4 = ict = ix0 and using the coordinates (x0, x1, x2, x3). Include
rotations and obtain the 4×4 matrix generators of the group SO(1, 3).
Obtain the associated Lie algebra by computing the commutation rela-
tions among the different generators of the symmetry group. Finally, try
to express the result in a manifestly covariant form.

3. Determine the Lie algebra of the subgroup of the Lorentz transformations
that leave the vector kµ = (k, 0, 0, k) invariant (see Sec. 3.3.5).

4. We perform two boosts. The first one with velocity v1 along the axis x1.
Then a second with velocity v2 along the axis x2. Prove that the result
cannot be understood as a pure boost.

5. Consider the group SO(1,3) in its defining representation. Given ϵµνρσ,
the Levi-Civita tensor, completely anti-symmetric, and with ϵ0123 = 1,
determine the value of ϵ0123.

6. Compute the determinant of a general Lorentz transformation.

7. Compute the following commutators:

[Jµν , Jαβ] [Jµν , Pα] ,

and
[Jµν ,Wα] [Pµ,Wα] ,

where

Wµ = −1

2
ϵµνρσJ

νρP σ . (1.94)
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2 Non-relativistic QFT

In this chapter, we discuss NR QFTs. These QFTs will help us to highlight
aspects of QFTs that already appear in a NR setup.

2.1 NR Many-body Systems (bosons)

2.1.1 CFT Analysis

We start by working in CFT. Let us consider the following Lagrangian density
in d (=3) spatial dimensions:

L = iφ∗φ̇︸︷︷︸
i
2
[φ∗(∂0φ)−(∂0φ∗)φ]

− 1

2m
(∇φ∗)(∇φ)− V (x)φ∗φ; S =

∫
dDxL, (2.1)

where φ̇ ≡ ∂φ
∂t
, and we have shown two possible ways to write the first term.

Both yield the same EoM, but only the one below is Hermitian/real. In either
case, we can easily obtain the EoM:

δS = 0⇒ E-L EoM⇒ i
∂φ

∂t
= − 1

2m

(
∇2φ

)
+ V (x)φ . (2.2)

Note that this is the Schrödinger equation. Even so, we do not assign any
probabilistic interpretation to φ—as expected, since we are still working within
the framework of CFT. More importantly, this statement will also remain valid
after quantization, since φ will become an operator rather than a wave function.

We now move towards the Hamiltonian formalism

π =
∂L
∂φ̇

= iφ∗; π∗ =
∂L
∂φ̇∗

= 0⇒ H = πφ̇+ π∗φ̇∗ − L. (2.3)

So,1

H =
1

2
(∇φ∗)(∇φ) + V (x)φ∗φ⇒ H =

∫
ddxφ∗(x)

[
− 1

2m
∇2 + V (x)

]
︸ ︷︷ ︸

ĥx

φ(x) ,

(2.4)

1It is interesting to note that one obtains the same expression for the Hamiltonian if one
uses i

2 [φ
∗(∂0φ)− (∂0φ

∗)φ] instead of iφ∗φ̇.



24 Materials Antonio Pineda

for which in the last equality we performed integration by parts and neglected
the boundary contribution at spatial infinity. This leads to the appearance of
ĥx, which can be considered an operator acting on elements of the Hilbert space
L2

Rd . This establishes an important link to what is called first quantization. Note

that, in general, ĥxφ ̸= λφ, which means that φ is not an eigenstate of ĥ.

Change of Basis

To connect with the concept of particles, it is useful to change basis.

� The eigenstates of ĥx:
ĥφn(x) = enφn(x) , (2.5)

yield a basis {φn} of L2
Rd . We can do this for any Sturm-Liouville oper-

ator. If V (x) = 0, the eigenfunctions are plane waves, φn ∼ eipn·x, and
n becomes a continuous variable when the volume is V = Rd. In a finite
volume, n is discrete.

� The wavefunction φ(x) can then be expanded as:

φ(x) =
∑
n

anφn(x), φ∗n(x) =
∑
n

a∗nφ
∗
n(x) . (2.6)

� We choose the basis to be orthogonal:∫
ddxφ∗m(x)φn(x) = δmn. (2.7)

We can then obtain the expansion coefficients an by projecting the wave
function to each eigenstate:

an =

∫
ddxφ∗n(x)φ(x). (2.8)

Hamiltonian Representation

Where does this change of variable lead us in the Hamiltonian formalism?

We have
ĥxφ(x) =

∑
n

ĥnanφn(x) =
∑
n

enanφn(x). (2.9)

Therefore,

Hamiltonian Expression

H =

∫
ddx

(∑
m

φ∗m(x)a
∗
m

)(∑
n

anenφn(x)

)
δnm=
∑
n

ena
∗
nan. (2.10)
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2.1.2 Quantization

We are now in the position to quantize the theory. We have two options.

Option A: Correspondence Principle (canonical quantization)
Using π = iφ†, we have

{φ(x), π(y)} = δ(d)(x− y) −→ [φ̂(x), π̂(y)] = iℏδ(d)(x− y), (2.11)

{φ(x), φ(y)} = 0 −→ [φ̂(x), φ̂(y)] = 0, (2.12)

{π(x), π(y)} = 0 −→ [π̂(x), π̂(y)] = 0 , (2.13)

where in the right-hand side we have operators. This is emphasized by intro-
ducing the ̂ notation.

Note that the first equality can also be written as[
φ̂(x), φ̂†(y)

]
= δ(d)(x− y) . (2.14)

The quantized field (operator) can be written in terms of the eigenstates of ĥx

φ̂(x) =
∑
n

ânφn(x). (2.15)

Note that the an’s have now become operators, since

ân =

∫
ddxφ∗n(x)φ̂(x) . (2.16)

It is straightforward to show that their commutation relations are

[ân, âm] = [â†n, â
†
m] = 0, [ân, â

†
m] = δnm. (2.17)

To illustrate, we prove the last equality:[∫
ddxφ∗n(x)φ̂(x),

∫
ddyφm(y)φ̂

†(y)

]
(2.18)

=

∫
ddxφ∗n(x)

∫
ddyφ∗m(y)

[
φ̂(x), φ̂†(y)

]
=

∫
ddxφ∗n(x)

∫
ddyφ∗m(y)δ

(d)(x− y) =

∫
ddxφ∗n(x)φm(x) = δnm.

Then, the Hamiltonian operator is given by

Ĥ =
∑
n

enâ
†
nân. (2.19)
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Conclusion. The commutation relations for the â’s, Eq. (2.17), and Eq. (2.19),
lead to the following interpretation:

We have an infinite number of decoupled oscillators with different frequen-
cies.

We know how to quantize these: we create a vacuum state |0⟩ for each oscillator
and then generate new states by applying the creation operator as many times
as necessary:

â† |0⟩ ∼ |1⟩ . . . . (2.20)

We elaborate on this in the following section.

2.1.3 Hilbert Space and Fock Space

Overall, the structure of the theory is the following:

� Hilbert space ≡ Fock space ≡ direct product of the Hilbert space of each
oscillator (and we have an infinite number of them).

� Ground state ≡ vacuum

|vac⟩ = |0⟩ = |(0, 0, . . . )⟩ = |0⟩1 |0⟩2 . . . |0⟩n . . . |0⟩∞ . (2.21)

� Other states are generated by applying the creation operators to the vac-
uum

(â†1 |0⟩1) |02⟩ |03⟩ · · · = â†1 |0⟩ = |(1, 0, 0, . . . , 0)⟩ , (2.22)

(â1
†)2 |01⟩ |02⟩ (â3†)4 |03⟩ · · · = (â†1)

2(â3
†)4 |0⟩ = |(2, 0, 4, 0 . . . )⟩ . (2.23)

� If we want them to be normalized, we include a prefactor. A general state
looks like this

General Fock State

|(N1, N2, . . . , Nj, . . . )⟩ =
1√

N1!N2! . . . Nj!
(â†1)

N1(â†2)
N2 . . . (â†j)

Nj |0⟩ .

(2.24)

� These states are eigenstates of Ĥ
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Ĥâ†n |0⟩ =
∑
m

emâ
†
mâmâ

†
n |0⟩ = enâ

†
n |0⟩ , (2.25)

Ĥ |(N1, . . . , Nj, . . . )⟩ =

(
∞∑
j=1

Njej

)
|(N1, N2, . . . , Nj, . . . )⟩ . (2.26)

We have Nj particles with energy ej .

Alternative quantization conditions

The previous construction of the Hilbert space using creation and annihilation
operators, along with the associated vacuum, leads to the following question:
What is the quantization condition? The one on the left-hand side or the one
on the right-hand side below?

Option A[
φ̂, φ̂†

]
= δ

[φ̂, φ̂] =
[
φ̂†, φ̂†

]
= 0

⇐⇒
Option B[

ân, â
†
m

]
= δnm,

[ân, âm] =
[
â†n, â

†
m

]
= 0.

(2.27)

Both options appear to be valid prescriptions.2 At this point, it is worth em-
phasizing that the right-hand side quantization conditions do not bear any ℏ
at all. However, it is precisely for those quantization conditions that the word
quantum takes its full meaning, as the operators â†n and ân indicate the creation
and annihilation of quanta with quantum numbers n, where n is directly linked
to observable quantities. This raises the question of whether introducing ℏ is
necessary at all. In fact, with a proper rescaling of the fields, one could elimi-
nate ℏ from the equations entirely and describe the system purely in terms of
frequencies, wavelengths, or the number of quanta present in a given state.

2.1.4 Evolution in Time

Once we have characterized the Hilbert space, we can implement the time evo-
lution of its states using the

Time Evolution Operator

Û = e−itĤ . (2.28)

Pictures

In Quantum Mechanics courses, it is standard to work in the Schrödinger picture
where time evolution is incorporated into the states of the Hilbert space. For
QFTs, however, it is more convenient to work in the Heisenberg picture, where

2In both cases, we also assume that the Hamiltonian is a positive semidefinite operator.
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the time evolution is incorporated into the operators rather than into the states.
The reason is that

x̂i(t)→ ϕ̂(t,x), (2.29)

so now time and space are continuous variables and it is convenient to treat
them in a more symmetric way. This favours the Heisenberg picture. Either
way, obviously, matrix elements remain invariant:

S ⟨ψ| ÔS |ψ⟩S = H ⟨ψ| ÔH |ψ⟩H , Û † ÔS Û = ÔH , | ⟩H = Û † | ⟩S . (2.30)

We set both pictures to be equal at a fixed time t0, which we typically set to
zero: t0 = 0.

In summary, we have

� Schrödinger: |Ψ(t)⟩ , Ô(�At).

� Heisenberg: |Ψ(�At)⟩ , Ô(t).

We return to this discussion in Ch. 5 on relativistic theories.

Time Evolution of the Creation and Annihilation Operators

The time evolution of the creation operator in the Heisenberg picture is given
by

â†n(t) = Û †â†n(0)Û = eiĤtâ†ne
−iĤt. (2.31)

To solve this, we use the differential equation (note that [Ĥ, Û ] = 0)

d

dt
â†n(t) = −i

[
â†n(t), Ĥ

]
= −i

[
Û †â†nÛ , Ĥ

]
= −iÛ †

[
â†n, Ĥ

]
Û (2.32)

= −iÛ †
[
â†n,

∑
m

emâ
†
mâm

]
Û = Û †

∑
m

emâ
†
m[â

†
n, âm](−i)Û

= ienÛ
†â†n(0)Û = ienâ

†
n(t)⇒ â†n(t) = â†ne

ient, ân(t) = âne
−ient .

where we have used â†n(0) = â and the following identity

[AB,C] = A[B,C] + [A,C]B. (2.33)

Time Evolution of the Field Operator

φ̂†(t,x) = Û †φ̂†(t,x)Û = Û †
∑
n

â†nφ
∗
n(x)Û =

∑
n

â†nφ
∗
n(x)e

ient = φ̂†(t,x) .

(2.34)
Note that the canonical commutation relations are preserved after time evolu-
tion:

φ̂(t,x)φ̂†(t,y)− φ̂†(t,y)φ̂(t,x) = δ(d)(y − x) ∀ t, (2.35)
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2.1.5 Localizability and Particle Interpretation of the
Theory

Number Operator

The total number of particles in the system is measured by the number
operator

N̂ ≡
∑
n

â†nân −→ N̂ |(N1, N2, . . . , Nj, . . . )⟩ =
∑
i

Ni |(N1, N2, . . . , Nj, . . . )⟩ ,

(2.36)
whereas N̂i ≡ â†i âi measures the number of particles with energy ei.

Since the particle number operator is conserved, the following equalities hold

N̂(t) = N̂(0), N̂i(t) = N̂i(0). (2.37)

and its commutation relations remain invariant under time translations.

We now rewrite N̂ in terms of the position field operators

Exercise

Show that

N̂ =

∫
ddx φ̂†(t,x)φ̂(t,x) ∀ t . (2.38)

This opens a window to look for observables that measure the number of particles
in a finite volume. We consider the following operator

N̂V (t) =

∫
V

ddx φ̂†(t,x)φ̂(t,x), (2.39)

and see how it acts on the following state

|x; t⟩ ≡ φ̂†(t,x) |0⟩ . (2.40)
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Exercise

N̂V (t)φ̂
†(t,x) |0⟩ =

[
N̂V (t), φ̂

†(t,x)
]
|0⟩+ φ̂†(t,x)N̂V (t) |0⟩

=
[
N̂V (t), φ̂

†(t,x)
]
|0⟩ =

{
1 |x; t⟩ , x ∈ V,
0 |x; t⟩ , x /∈ V.

.

(2.41)

To obtain this result, we have used

[
N̂V (t), φ̂

†(t,x)
]
|0⟩ =

{
φ̂†(t,x), x ∈ V,
0, x /∈ V.

(2.42)

Proof:[
N̂V (t), φ̂

†(t,x)
]

=

∫
ddy

[
φ̂†(t,y)φ̂(t,y), φ̂†(t,x)

]
(2.43)

=

∫
V

ddy φ̂†(t,y)δ(d)(y − x) =

{
φ̂†(t,x), x ∈ V,
0, x /∈ V.

Note that N̂V (t) does not commute with H. Therefore, we emphasize that the
above discussion refers to states at the very same time t.

We now consider multi-particle states. We first consider a two-particle state:

|x,y; t⟩ = φ̂†(t,x)φ̂†(t,y) |0⟩ = |y,x; t⟩ . (2.44)

In the last equality, we used the quantization conditions (2.27). Therefore, we
see that with such quantization conditions multiparticle states are bosonic.

We now consider how the operator NV (t) acts on these states. First note that

N̂V (t) |x,y; t⟩ =
[
N̂V (t), φ̂

†(t,x)φ̂†(t,y)
]
|0⟩ . (2.45)

and show that

Exercise for the reader

N̂V (t) |x,y; t⟩ =


2 |x,y; t⟩ , if x,y ∈ V,

1 |x,y; t⟩ , if

{
x ∈ V ;y /∈ V,
y ∈ V ;x /∈ V,

0 |x,y; t⟩ , if x,y /∈ V.

(2.46)
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Overall, we see that these results fit the interpretation of particle(s) located at
x (y).

2.1.6 Connection with Quantum Mechanics and the
Probabilistic Interpretation

Since the fields are now operators (rather than wave functions, as in quantum
mechanics), we would like to understand what has become of the probabilistic
interpretation that we had in previous quantum mechanics courses.

One-particle Case:
The state |x; t⟩ is an idealization. Real elements of the Hilbert space will have
the following form

|ψ(t)⟩ =
∫
ddxψ(x) |x; t⟩ , with ψ(x) ∈ L2

Rd . (2.47)

We can also introduce the time dependence on the wave function:

|ψ(t)⟩ =
∫
ddxψ(t,x) |x⟩ , (2.48)

where |x⟩ = |x; t = 0⟩.

Irrespective of how we write the ket, it represents a real physical state and has a
probabilistic interpretation, as we will see. If we compute the expectation value
of NV , we obtain

Probability density

⟨ψ(t)| N̂V (t) |ψ(t)⟩ =
∫
V

ddx |ψ(x)|2 ∀ t. (2.49)

Note that we can formally make V as small as we want. Then, |ψ(x)|2
represents the probability density of finding a particle at position x.

We now apply the Hamiltonian to this one-particle state

H |ψ(t)⟩ =

∫
ddx, ψ(t,x)Ĥφ̂†(x) |0⟩ (2.50)

=

∫
ddx ψ(t,x)

∫
dy φ̂†(y)ĥyφ̂(y)φ̂

†(x) |0⟩ .

Using the commutation relations, the term φ̂†(x)φ̂(y) applied to |0⟩ is 0, and
we obtain

H |ψ(t)⟩ =

∫
ddx ψ(t,x)

∫
ddy φ̂†(y)

(
ĥy δ

(d)(x− y)
)
|0⟩ (2.51)

=

∫
ddy φ̂†(y)

(
ĥyψ(t,y)

)
|0⟩ =

∫
ddy

(
ĥyψ(t,y)

)
φ̂†(y) |0⟩ .
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On the other hand, we have

i
∂

∂t
|ψ(t)⟩ = H |ψ(t)⟩ . (2.52)

Since this equality should hold for any φ̂, we have

ĥyψ(t,y) = i∂0ψ(t,y), (2.53)

If we demand H |ψ⟩ = E |ψ⟩, this can be achieved if

ĥyψ(y) = Eψ(y). (2.54)

These two equations, together with Eq. (2.49), nicely establish the connection
with the Schrödinger equation and the probabilistic interpretation of the wave
function introduced in earlier quantum-mechanics courses.

Two-Particle Case:
A general two-particle state reads as follows

|ψ(t)⟩ =
∫
ddx

∫
ddyψ(t,x,y)φ̂†(x)φ̂†(y) |0⟩ . (2.55)

As we know, see Eq. (2.44), the quantization conditions we are using imply
that the particles obey Bose statistics. This has consequences for the wave
function. Since it always appears multiplied by the fields (see Eq. (2.55)), only
the symmetric part of the wave function is physically measurable and, without
loss of generality, we can take

ψ(t,x,y) = ψ(t,y,x), (2.56)

The probabilistic interpretation of the wave function also holds in this case:

⟨ψ(t)|NV (t)|ψ(t)⟩ = 2

∫
V×V

ddxddy|ψ(x,y)|2 + 1

∫
R−V

. . . (2.57)

and something similar happens to the energy:

H |ψ(t)⟩ = i
∂

∂t
|ψ(t)⟩ ⇐⇒ (ĥx + ĥy)ψ(t;x,y) = i

∂

∂t
ψ(t;x,y). (2.58)
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2.2 NR Fermions

Bose statistics is not the only option for quantization. We may also have Fermi
statistics, which we analyze now.

The classical computation is equal than in Sec. 2.1.1 (we only change a → b).
Indeed, we obtain

H =

∫
ddxψ∗(x)(ĥxψ(x)) =

∑
n

enb
∗
nbn (2.59)

for the Hamiltonian. Differences arise at the level of the quantization conditions,
which we now take as follows

Anticommutation quantization condition

{ψ̂(x), ψ̂†(y)} ≡ ψ̂(x)ψ̂†(y) + ψ̂†(y)ψ̂(x) = δ(3)(x− y), (2.60)

{ψ̂(x), ψ̂(y)} = {ψ̂†(x), ψ̂†(y)} = 0.

These imply Fermi statistics:

ψ̂†(x)ψ̂†(y) = −ψ̂†(y)ψ̂†(x) , (2.61)

and yield the following commutation relations for the b’s:

Exercise

{b̂n, b̂†m} = δnm, {b̂n, b̂m} = {b̂†n, b̂†m} = 0. (2.62)

As in the boson case, we may wonder whether the quantization condition in Eq.
(2.60) or that in Eq. (2.62) is more fundamental.

The Hamiltonian operator is equal to the one in Eq. (2.59) transforming the b’s
into operators (simply by adding hats):

Ĥ =

∫
ddx ψ̂†(x)(ĥxψ̂(x)) =

∑
n

enb̂
†
nb̂n . (2.63)

As in the boson case, this looks like an infinite number of decoupled oscillators
with different frequencies. There will be important differences in the structure
of the Fock space, though.
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Fock Space Representation

The Fock space formalism still applies (oscillator interpretation). States can be
written in the following way, as in the boson case:

|(N1, N2, . . . , Nj, . . . )⟩ . (2.64)

Nevertheless, it’s important to note that for fermions {ψ̂, ψ̂} = 0. This will
severely constrain how the number operator(s)

N̂ =
∑
n

enb̂
†
nb̂n, N̂i = b̂†i b̂i (2.65)

act on the kets, and, consequently, what states are allowed in nature.

Exercise

Prove that N̂i is a projector (idempotent and hermitian) operator:

N̂ †i = N̂i , and N̂2
i = N̂i. (2.66)

Proof (b̂†i b̂
†
i = 0):

N̂2
i = N̂i · N̂i = b̂†i b̂i b̂

†
i b̂i = b̂†i b̂i − b̂

†
i b̂
†
i b̂ib̂i = N̂i → N̂2

i = N̂i . (2.67)

From this result, we conclude that the values of Ni in Eq. (2.64) can only be
0 or 1. This is nothing but Pauli’s exclusion principle: There cannot exist two
particles with the same quantum numbers. Note that this is not a hypothesis
(principle) in our case, but follows from the quantization conditions we have
chosen.3

Time Evolution of Operators

The time evolution of fermions is similar to the case of bosons but there are
some differences in the derivation. We first have

b̂†n(t) = eitĤ b̂†ne
−itĤ , (2.68)

which can be written as a Hamilton’s equation

d

dt
b̂†n(t) = −i[b̂†n(t), Ĥ] . (2.69)

The solution to this equation is given in the following exercise

3In relativistic four dimensional quantum theories Fermi and Bose statistics are the only
possibilities for quantization conditions. The situation is different in three dimensions, where
parastatistics (anyons) may appear (see, for instance, the discussion in [4]).
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Exercise

Show thata

d

dt
b̂†n(t) = −i[b̂†n(t), Ĥ] = −i

[
eitĤ b̂†ne

−itĤ ,
∑
m

emb̂
†
mb̂m

]
= ienb̂

†
n(t)

⇒ b̂†n(t) = b̂†ne
−ient, b̂n(t) = b̂ne

−ient. (2.70)

aHere we apply the following identity [AB,C] = A{B,C} − {A,C}B instead of
[AB,C] = A[B,C] + [A,C]B, which was used for bosons. It should be noted that we
do not need more for fermions, but for bosons we can apply the other identity as many
times as necessary.

Localizability (and particle interpretation)

The localizability properties are equivalent to the bosonic case. We can define
a number operator in a finite volume V :

N̂V (t) =

∫
V

ddx φ̂†(t,x)φ̂(t,x). (2.71)

Using that (where in the second equality we have applied, again, the identity
[AB,C] = A{B,C} − {A,C}B)

[N̂V (t), φ̂
†(t,y)] =

∫
V

ddx [φ̂†(t,x)φ̂(t,x), φ̂†(t,y)]

=

∫
V

ddx φ̂†(t,x)
{
φ̂(t,x), φ̂†(t,y)

}
=

∫
V

ddx φ̂†(t,x)δ(d)(x− y) =

{
φ̂†(t,x), x ∈ V
0, x /∈ V

, (2.72)

we obtain

One-particle Case

N̂V (t)φ̂
†(t,x) |0⟩ =

{
1 |x; t⟩ , x ∈ V
0 |x; t⟩ , x /∈ V

. (2.73)

An analogous result can be obtained for the two-particle state (see the discussion
in the bosonic case). This is left as an exercise for the reader.

Note that the starting point in Eqs. (2.69) and (2.72) involves commutators.
Therefore, the initial expressions are equal for bosons and fermions. The differ-
ence arises when we express the operators (Ĥ, N̂ , N̂V ) in terms of the fields. At
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that stage, we are compelled to use different identities for each case in order to
take advantage of the specific commutation or anticommutation relations that
hold due to the quantization conditions given in Eq. (2.13) and Eq. (2.61).

Connection with quantum mechanics and probabilistic interpretation

The connection with NR quantum mechanics and the probabilistic interpretation
follows an analogous discussion to the boson case. If we have the one-particle
state

|ψ(t)⟩ =
∫
ddxψ(x) |x; t⟩ , with ψ(x) ∈ L2

Rd , (2.74)

we obtain

Exercise

⟨ψ(t)| N̂V (t) |ψ(t)⟩ =
∫
V

ddx |ψ(x)|2. (2.75)

Similarly,

Ĥ |ψ⟩ = E |ψ⟩ → ĥxψ(x) = Eψ(x). (2.76)

Exercise

Perform the same analysis for the two-particle case.

2.3 Exercises

1. Consider the following Lagrangian

L =

∫
ddxφ†(x)

{
i∂0 +

∇2

2m1

}
φ(x) +

∫
ddxχ†c(x)

{
i∂0 +

∇2

2m2

}
χc(x)

−
∫
ddx1d

dx2φ
†(t,x1)χ

†
c(t,x2)V (x1 − x2)χc(t,x2)φ(t,x1) , (2.77)

where φ is a fermion and χc an anti-fermion. Obtain H, project to the
following one fermion-antifermion state:

|ψ⟩ =
∫
ddx1 d

dx2 ψ(x1,x2) φ̂
†(x1)χ̂

†
c(x2) |0⟩ , (2.78)



Introduction to Quantum Field Theory Materials 37

and show that

Ĥ |ψ(t)⟩ = i
∂

∂t
|ψ(t)⟩~w�[

−
∇2

x1

2m1

−
∇2

x2

2m2

+ V (|x1 − x2|)
]
ψ(t;x1,x2) = i

∂

∂t
ψ(t;x1,x2)

(2.79)

2. Number operator for free NR particles
We define the number operator as

N̂ =

∫
ddk

(2π)d
â†kâk

a) Show that

N̂ â†k|0⟩ = 1â†k|0⟩ N̂ â†k′ â
†
k|0⟩ = 2â†k′ â

†
k|0⟩ · · ·

b) Show that

N̂ =

∫
ddxφ̂†(t,x)φ̂(t,x)

c) If we define

N̂V (t) =

∫
V

ddxφ̂†(t,x)φ̂(t,x)

compute [N̂V (t), φ̂(t,x)] and [N̂V (t), N̂V ′(t)]. Interpret these results.
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3 Fock Space and Asymptotic States

1 Scattering processes of relativistic particles can be represented as follows

t
t→ −∞ t→∞

These processes are described in terms of asymptotic states. Asymptotic states
correspond to free particles in the infinite past and in the infinite future: They
are too far apart to interact with each other (or we will assume that such in-
teraction can be neglected2), but they may eventually interact with an external
detector (e.g., via electromagnetic or gravitational interactions). Therefore, their
interaction occurs, at most, only for a finite period of time. Due to relativity,
this interaction also occurs within a finite spatial volume. Thus, the interaction
between these states takes place within a finite space-time volume. This is one of
the reasons why constructing the Fock space of free particles is so important in
QFTs. The concept of Fock space is essential for describing these multiparticle
states that arise in scattering processes.

Therefore, our first task is to characterize these asymptotic states.

Asymptotic States and Free Particles

� Free particles are one-particle unitary irreducible representations of
the proper orthochronous inhomogeneous Lorentz group (Poincaré
group for short).

� Parity and time-reversal transformations are not included in the
group. This is the reason we do not consider them in the char-
acterization of free particles we discuss in this chapter.

� The Hilbert space that will describe these scattering processes is
the direct product of these one-particle unitary irreducible represen-
tations of the proper orthochronous inhomogeneous Lorentz group.
We refer to this object as Fock space.

1In this chapter, we use capital letters to denote operators, except when referring to creation
and annihilation operators, for which we keep using the ̂ notation.

2There are qualifications to this statement, which we do not address in this book.
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To fully characterize the Hilbert space associated with one-particle unitary ir-
reducible representations of the Poincaré group, we must first understand how
symmetries are realized in quantum theories, and then apply this understand-
ing to the specific Lie group at hand (Poincaré). We discuss this issue in the
following section.

3.1 Connection Between Symmetry Groups and Physics

We consider that we have a connected Lie group. We look for unitary represen-
tations that can be obtained from its associated Lie algebra. Given a group G,
with associated Lie algebra L, the connection goes as follows:

G −→ L −→ TN(Ã) −→ TN(g) ≡ eTN (Ã) −→ HN , (3.1)

where Ã ∈ L. TN(Ã) is an anti-Hermitian representation of Ã (and similarly for

all elements of L): so that eTN (Ã) ≡ UN(g) are unitary operators. In general, N
will be a collection of numbers that completely characterizes the Hilbert space
to which the unitary representation of G applies3. Overall,

� If TN(Ã)
† = −TN(Ã), then TN(g) is unitary.

� The Hilbert space HN carries the representation and is the space where
physical states live.

� Applying UN(g) ∀g allows us to move between all elements of HN .

3.2 Example: SO(3)

In this section, we apply Eq. (3.1) to the group G = SO(3). The unitary
irreducible representations of this symmetry group act on Hilbert spaces of dif-
ferent dimensions depending on the physical system under consideration. Below,
we present a few key examples of representations of the L = so(3) Lie algebra
(which is part of the Lorentz algebra), relevant to the Poincaré group.

We have that Ã = −i
∑
αiM

i, and M are the 3× 3 sub-matrices in Eq. (1.81).
TN(Ã) is an anti-Hermitian (unitary) representation of the so(3) Lie algebra in
a Hilbert space (and N is the dimension of the V-space-C).

3As we will see later, for SO(3), one can take N to be the dimension of the V-space-C, i.e
of the Hilbert space on which the operators act.



40 Materials Antonio Pineda

Unitary Representation

The unitary operator implementing the rotation is

ÛN(R) = e−iθ n̂·TN (M), (3.2)

where n̂ is the rotation axis, θ the angle, and TN(M
k) are Hermitian

operators, which we name as

Ji ≡ TN(M
i) ⇒ [Ji,Jj] = iϵijkJk. (3.3)

The associated Hilbert space HN is characterized by the eigenstates of the
Casimir operator J2, and spanned by the eigenvectors of J3 (or any other linear
combination of J’s)

HN = |casimir, (basis)⟩ = span
{∣∣J2, Jz

〉}
. (3.4)

The representation UN(R) acts on the elements of this Hilbert space

|ψ⟩ ∈ H. (3.5)

Key Idea

Hilbert space carries a unitary irreducible representation of the symmetry
group.

Examples:

� Spin-1
2
representation (dimension 2)

T2(M
i) =

σi

2
, (3.6)

where σi are the Pauli matrices. This is the representation used for spin-1
2

particles such as electrons. The corresponding Hilbert space has dimension
2.

� Spin-1 representation (dimension 3)

T3(M
i) =M i, (3.7)

where M i are the generators of rotations acting on three dimensional vec-
tors. This representation is relevant for massive vector bosons. Its Hilbert
space is 3-dimensional.
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� Infinite-dimensional representation (wavefunction in position
space)

T∞(Mz) ≡ Lz = −i
(
x
∂

∂y
− y ∂

∂x

)
, (3.8)

where the generators act as differential operators on wavefunctions ψ(x) ∈
L2

R3 . This representation is infinite-dimensional and corresponds to the
standard angular momentum operator in quantum mechanics.

These examples illustrate how different physical systems correspond to different
representations of the same symmetry Lie algebra.

Particles are associated with Hilbert spaces that carry a unitary irreducible
representation of the Poincaré group. We now discuss how to characterize these
Hilbert spaces. This is achieved using the Wigner method.

3.3 The Wigner Method*

Aim. The goal is to obtain the unitary irreducible representations of the
Poincaré Lie algebra for one-particle states.

The Fock space that describes physical processes is then constructed as an in-
finite direct product of these irreducible representations—but not all of them—
since not all irreducible representations are realized in nature as elementary
particles (we neither observe all masses nor all spins).

Important note: Whether or not parity is considered a symmetry makes a
difference in the construction of these irreducible representations. This is espe-
cially relevant in the massless case. However, one must bear in mind that parity
is not a fundamental symmetry of nature, and it is not included in SOo(1, 3).

3.3.1 One-Particle States

First, we need to identify the quantities that remain invariant under Poincaré
transformations. These are the Casimir operators of the Poincaré group. We
will obtain them below. They yield quantum numbers that are equal for all
elements of the Hilbert space describing one-particle states. Next, we look for
operators that commute with H = P 0.

� We assume P 0 > 0 (positive energy condition).

� We take P µ as the initial input ([P µ, P ν ] = 0) to classify the states and
look for other quantities that commute with P 0.
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Definition of One-Particle States

|1 particle state⟩ =
∣∣pµ, ?. . .

〉
(labels still to be determined). (3.9)

The one-particle state will be characterized by its momentum pµ and other
quantum numbers to be identified.

Classification of states from p2 and p0

We take the first Casimir invariant of the Poincaré Lie algebra to be

C1 = P µPµ
eigenvalues−−−−−−→ p2 = m2. (3.10)

The momentum operator satisfies (we omit the possible action on other quantum
numbers in this discussion)

P µ |p⟩ = pµ |p⟩ . (3.11)

We now focus on how pµ transforms under Lorentz transformations

U(Λ, a) |p⟩ ∝ |Λp⟩ , P µ |Λp⟩ = (Λp)µ |Λp⟩ .

Since
(Λp)2 = (Λp)µ(Λp)µ = p2,

we conclude that p2 is Lorentz invariant. On top of that we have that

Important Observation

The sign of p0 does not change under proper orthochronous Lorentz trans-
formations.a

aSee also pp. 37,38 in [6].

Thus, one-particle states are organized according to the possible values p2 and
p0:

(i) p2 = m2 > 0, p0 =
√
m2 + p2 ≡ Ep > 0: Physical (massive modes).

(ii) p2 = 0, p0 = |p| ≡ Ep > 0: Physical (massless modes).

(iii) pµ = 0: Physical (vacuum).

(iv) p2 < 0: Non-physical (Note: Lorentz transformations can flip the sign of
p0 if pµ is space-like).

(v) p2 = m2 > 0, p0 < 0: Non-physical.

(vi) p2 = 0, p0 < 0: Non-physical.
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3.3.2 Little Group

To further characterize one-particle states, we introduce the concept of the little
group of pµ.

Definition

The little groupW(p) is the subgroup of the Lorentz group that leaves pµ

invariant.

Little Group: Vacuum
The little group of pµ = 0, the vacuum, is the full Lorentz group.

3.3.3 Little Group: Massive Case

To determine the little group of massive modes (p2 > 0, p0 > 0), we use the
following Theorem.

Theorem 1 (Page 39 [6])

Given a four-vector vµ, its little group depends solely on the sign of v2. In
other words, if sign(v2) = sign(v′2), then

W(v) ∼=W(v′). (3.12)

That is, the little groups of v and v′ are isomorphic.

This theorem applies to time-like, space-like, and light-like vectors. For time-like
vectors, we give below an explicit demonstration.

Strategy: Choose a reference vector pµ such that the little group is easy to
identify. This way, we can fully determine the one-particle unitary irreducible
representation for massive modes. The simplest choice is to take the rest frame:

kµ = (m, 0, 0, 0).

In this frame, the little group is the rotation group:

W(k) = SO(3) ,

and we know all the irreducible representations of SO(3)!

Any other time-like four-vector can be obtained via a Lorentz transformation
from kµ. Thus, using the previous theorem

W(pµ) ∼= SO(3),

for all time-like pµ vectors.
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Explicit Demonstration for Massive Modes

We now explicitly show thatW(pµ) ∼= SO(3) for arbitrary time-like vectors. An
arbitrary time-like vector can always be written in the following way:

pµ = [L(p)]µνk
ν , kµ = (m,0),

where kν is the rest frame 4-momentum, and L(p) is a Lorentz transformation
that can be taken to be a boost in the p direction.4

We then define the state |k, σ⟩. σ was what we named J3 in Eq. (3.4), but we
could have chosen a different direction. It spans the basis of the Hilbert space for
a given J2. From this state, we can define arbitrary states at different momenta
by applying unitary Lorentz transformations:

|p, σ⟩ ≡ U(L(p)) |k, σ⟩ . (3.13)

Both are eigenstates of the momentum operator:

P µ |p, σ⟩ = pµ |p, σ⟩ , P µ |k, σ⟩ = kµ |k, σ⟩ .

Now consider another time-like 4-momentum p′µ = Λµ
νp

ν . Then,

U(Λ) |p, σ⟩

will be an eigenstate of P µ with eigenvalue p′µ. Moreover, using the group
structure of the unitary representation, we have

U(Λ) |p, σ⟩ = U(Λ)U(L(p)) |k, σ⟩ = U(L(Λp))
[
U−1(L(Λp))U(Λ)U(L(p))

]
|k, σ⟩

= U(L(Λp))
[
U(L−1(Λp))U(Λ)U(L(p))

]
|k, σ⟩

= U(L(Λp))U(L−1(Λp)ΛL(p)) |k, σ⟩ . (3.14)

Observation: The operator L−1(Λp)ΛL(p) leaves kµ invariant,(
L−1(Λp)ΛL(p) k

)µ
= kµ,

where (ΛL(p)k)µ ≡ p′µ, (L(p)k)µ ≡ pµ. Therefore, this corresponds to a rotation
R in the rest frame. That is,

W(kµ) ∋ L−1(Λp)ΛL(p) = e−iΘ·M = R.

4L(p) is an element of SOo(1, 3), but we denote it this way (instead of Λ) to emphasize
that it is characterized by the momentum p.
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Hence, we can write the transformation law as follows

U(Λ) |p, σ⟩ = U (L(Λp))
∑
σ′

Tσ′σ(R) |k, σ′⟩ =
∑
σ′

Tσ′σ(R)U (L(Λp)) |k, σ′⟩

=
∑
σ′

Tσ′σ(R) |Λp, σ′⟩ , (3.15)

where Tσ′σ(R) is a unitary representation of the rotation group SO(3).

Result

The Wigner little group W(pµ) for time-like momenta is isomorphic to
SO(3), and the states transform under unitary representations of this
rotation group.

3.3.4 Second Casimir Operator and Spin

The second Casimir invariant of the Poincaré group, C2, is related to spin in the
massive case, and it must commute with all generators of the Poincaré group.
It cannot simply be J2, since [J2,Ki] ̸= 0. We define it in the following way:

C2 ≡ W 2 = W µWµ, (3.16)

where W µ is the Pauli–Lubanski pseudovector (see Eq. (1.94)):

Wµ = −1

2
ϵµνρσJ

νρP σ .

By construction, it satisfies
WµP

µ = 0.

If we apply W0 to a particle at rest with kµ = (m,0), we get

W0 |k, σ⟩ = 0.

Therefore, W µ is a space-like vector. Explicitly, in the rest frame, we have

Wi = −
1

2
ϵiνρσJ

νρP σ=̇− m

2
ϵijk0J

jk = −mJi.

Conclusion: When applied to a particle at rest,

W 2=̇−m2J 2.

Since W 2 defines a Casimir operator—that is, it commutes with all generators
of the Poincaré group—we can compute its eigenvalues in the rest frame, and
they will remain unchanged in any other frame:

C2 = WµW
µ eigenvalues−−−−−−→ w2 = −m2j(j + 1), with j being the spin.
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Casimir Operators of the Poincaré Group

The Poincaré group is a rank-2 Lie group. Therefore, it has only two
independent Casimir invariants

C1 = P µPµ, C2 = W µWµ.

A massive particle state can now be completely characterized by the following
quantum numbers: ∣∣(m2, j);p, σ

〉
,

with m2 and j the eigenvalues of the Casimirs, and p, σ labeling the momentum
and spin component.

3.3.5 Light-like Vectors and their Little Group

We now consider light-like vectors. They satisfy

p2 = gµνp
µpν = 0, p0 > 0.

To determine its little group, we again use the property (3.12) obtained in The-
orem 1. We choose a standard momentum

kµ = (k, 0, 0, k), k > 0 , (3.17)

and perform a proper orthochronous Lorentz transformation that leaves kµ in-
variant, i.e. we apply an element of SOo(1,3) such that(

e−iΦ·Ke−iΘ·M
)µ
ν
kν = kµ.

We perform the analysis infinitesimally. The allowed transformations are parametrized
in terms of 3 real numbers:

Λ = I − iΘ3Mz − iu(Kx −My)− iv(Ky +Mx).

These combinations define the generators

N1 ≡ Kx −My, N2 ≡ Ky +Mx.

Together with Mz, these generators satisfy the Lie algebra of E(2):

[Mz, N1] = iN2, [Mz, N2] = −iN1, [N1, N2] = 0.

E(2) is the two-dimensional Euclidean group (translations and rotations in a
two-dimensional Euclidean manifold), also known as ISO(2).

Using the property (3.12) obtained in Theorem 1, we have
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Little Group for Light-like Vectors

The little group of a light-like vector is isomorphic to the Euclidean group
in two dimensions

W(P µ) ∼= ISO(2).

Unitary representations of the Little Group E(2) and Physical Impli-
cations

The group structure of E(2) and its irreducible representations are known, since
E(2) corresponds to a two dimensional Euclidean manifold. Therefore, we only
have translations and rotations in the plane. We define

P 2 ⇒ N2 ≡ N2
1 +N2

2 , (3.18)

where (N1, N2) plays a role analogous to momentum in Euclidean space (but it
is not!).

We look for unitary irreducible representations of these generators. The eigen-
values of (the unitary representations of) N2 are denoted by

n2 = n2
1 + n2

2 . (3.19)

It is interesting to see how the operator N2 relates to W 2. If we apply W 2 to a
state characterized by kµ defined in Eq. (3.17), we obtain

w2 = −w2
k n

2 . (3.20)

Observation. Only the eigenvalue n2 = 0 (⇒ n1 = n2 = 0) appears in
nature. Therefore, the only eigenvalue of W 2 that is realized in nature is
zero:

w2 = 0.

Wigner’s original paper provided some arguments as to why w2 ̸= 0 representa-
tions cannot appear in physical systems. Other references, such as [4, 6], simply
state that such states do not show up in nature. Nevertheless, attempts to con-
struct nontrivial interacting theories with n2 ̸= 0 occasionally appear in the
scientific literature.

To fully characterize the state, we are left with rotations in this two-dimensional
Euclidean plane:

SO(2) ∼= U(1).

The representations of this group are one dimensional. We will label them σ, in
analogy to spin in the massive case, and name them helicity. It is the projection
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of spin onto the momentum direction of the massless particle. The value of the
helicity, a priori, could be any real number, and not restricted to integer or semi-
integer values. We need to consider the full ISO(2) group and use topological
arguments based on the fact that the Lorentz group is not simply connected (see
[4]) to restrict the possible values of helicity to be integers or semi-integers (as
the spin of massive particles). Therefore, most of the time, we will use the same
terminology for both massive and massless particles. However, it is important to
note that, even if we call them both “spin”, in general we cannot go continuously
from the massive to the massless case because the dimension N of the associated
Hilbert space is different.

Extra remarks on helicity

� Helicity of massless particles is Lorentz invariant.
� States with opposite helicities (same magnitude, different sign) do
not need to be related a priori. They would be related only if we
enlarge the symmetry group to include parity.

Finally, note thatW µ and P µ are not independent in the massless case if N2 = 0.
In this case, we have P 2 = 0, W 2 = 0 and W · P = 0. Therefore, they are
proportional

W µ ∝ P µ implies−−−−→ (W µ − λP µ) |p⟩ = 0 ,

and it can be seen that λ = σ, the helicity of the particle.

3.4 Summary. Fock Space and Operator Formalism

One-particle unitary irreducible representations of the Poincaré Group

In summary, from the classification of the unitary irreducible representations
obtained using Wigner’s method, a one-particle state can be characterized by
the following quantum numbers∣∣(m2, w2);p, σ, n

〉
, (3.21)

where m2 denotes the squared mass, w2 is the W 2 operator eigenvalue, p is the
three-momentum, σ corresponds to the third component of the spin or to the
helicity (for massive particles we can also work with the helicity), and n denotes
possible additional quantum numbers. For massive particles, w2 = −m2j(j+1),
and it can be traded for j, the spin of the particles. For massless particles, both
p2 = m2 and w2 are equal to zero. From the context of the computation, it
will be clear whether we are dealing with a massive or massless particle, as well
as what the spin of the particle is. Therefore, we will often use the following
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shorthand notation:

|p, σ, n⟩ . (3.22)

We now address the construction of the Fock space from these one-particle states.
The creation/annihilation formalism is the most convenient.

Creation and Annihilation Operators

We build the Fock space (i.e., the full Hilbert space) using the formalism of
creation and annihilation operators:

|p, σ⟩ ≡ â†p,σ |0⟩ , (3.23)

where

|0⟩ ≡ Fock vacuum = state of minimal energy, (3.24)

is the vacuum state. For two-particle states, we apply two creation operators:

|p1, σ1;p2, σ2⟩ ≡ â†p1,σ1
â†p2,σ2

|0⟩ . (3.25)

This procedure extends to higher numbers of particles by applying the necessary
amount of creation operators.

Commutation and Anticommutation Relations

As we have already discussed in the NR case in Chapter 2, the statistics is fixed
by the quantization condition:

For bosons For fermions[
âp,σ, â

†
p′,σ′

]
= (2π)dδ(d)(p− p′)δσ,σ′ ,

{
âp,σ, â

†
p′,σ′

}
= (2π)dδ(d)(p− p′)δσ,σ′ ,

[âp,σ, âp′,σ′ ] =
[
â†p,σ, â

†
p′,σ′

]
= 0. {âp,σ, âp′,σ′} =

{
â†p,σ, â

†
p′,σ′

}
= 0 ,

(3.26)
where we do not write the Casimirs, which we take to be equal (otherwise the
commutator is 0).

Fractional statistics (e.g., anyons) could theoretically exist, but they do not occur
in (3+1)-dimensional space-time (see [4]). Also, at this stage in the construction
of the Fock space, statistics cannot yet be linked to spin. We can create a Fock
space made of fermions or bosons regardless of their spin. The link only appears
in interacting relativistic field theories: Integer-spin particles need to fulfil Bose
statistics, and half-integer Fermi statistics. We do not prove this, though, in
this book. For the proof, see the discussion in [4].
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Lorentz Invariance and Boosts

The above commutation relations are not explicitly Lorentz invariant. To illus-
trate this, consider a boost in the third spatial direction5

p′3 = γ(p3 + βEp), Ep′ = γ(Ep + βp3). (3.27)

Applying these transformations to the delta function, we obtain

δ(f(x)− f(x0)) =
1

|f ′(x0)|
δ(x− x0)⇒ δ(d)(p− q) = δ(d)(p′ − q′)

Ep′

Ep

. (3.28)

This result highlights the non-trivial behavior of the commutators under Lorentz
transformations. Therefore, we choose to normalize the creation and annihilation
operators in the following way:

Normalization Conditions

Bosons →
[
âp,σ, â

†
p′,σ′

]
= 2Ep δ

(d)(p− p ′) δσσ′ . (3.29)

Fermions →
{
âp,σ, â

†
p ′,σ′

}
=

2Ep

2m
δ(d)(p− p ′) δσσ′ . (3.30)

For fermions, we have followed the popular choice (see [7]) of dividing
the commutation relation by 2m. This convention allows us to smoothly
connect with the normalization used for the commutation relations in NR
quantum mechanics (where E/m ≃ 1).

Pauli Exclusion Principle from Anticommutation

We remind the reader that, in the case of fermions, we cannot have two-particle
states with the same quantum numbers, since

|p, σ;p, σ⟩ = − |p, σ;p, σ⟩ ⇒ |p, σ;p, σ⟩ = 0. (3.31)

As we already discussed in Chapter 2, this is the Pauli Exclusion Principle. We
stress again that this is not a principle we impose—it follows directly from the
anticommutation relations.

Operators

We slightly change notation in the following, writing: âp,σ → âσ(p). We can

easily write the operators P̂ µ and N̂ in terms of these creation and annihilation
operators.

5We follow the discussion in p. 23 of [10].
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P̂ 0 = Ĥ(0) =

∫
dk̃
∑
σ

ωk â
†
σ(k)âσ(k), P̂ =

∫
dk̃
∑
σ

k â†σ(k)âσ(k). (3.32)

N̂ =

∫
dk̃
∑
σ

â†σ(k)âσ(k). (3.33)

Notation (d = 3)

dk̃

∣∣∣∣∣
boson

≡ ddk

(2π)d
1

2ωk

, dk̃

∣∣∣∣∣
fermion

≡ ddk

(2π)d
m

ωk

, ωk ≡ Ek =
√
m2 + k2.

(3.34)

Note that this phase space integral can be written in a Lorentz invariant way:

Exercise

Show that ∫
dDp

(2π)D
(2π)δ(p2 −m2)θ(p0) =

∫
ddp

(2π)d
1

2Ep

.

Once we realize that one can write the phase factor in an explicitly Lorentz
invariant way, we may consider rewriting it in alternative ways. One example is
the following:

Exercise

Determine whether there is any value of Z that fulfils this equality (m >
0): ∫

dDp

(2π)D
(2π)δ(p2 −m2)θ(p0) = Z

∫
dp+dp1dp2 · · · dpd−1

(2π)d
1

p+
θ(p+) ,

where p+ = p0 + p3 and p− = p0 − p3.

This would correspond to performing the quantization on what is known as
the light-front. For free particles, this is merely a relabeling of the quantum
numbers, replacing P 0 with P+. Later, when we consider canonical quantization,
this change would correspond to imposing the canonical quantization condition
at fixed x− = x0 − x3, rather than at a fixed time x0. As interesting as this
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approach is, we will not pursue it further in these lecture notes and will instead
restrict ourselves to the standard quantization conditions in the following.

Finally, it is easy to show that the action of these operators on the one-particle
states yields the following results:

Ĥ(0)â†(k) |0⟩ = ωkâ
†(k) |0⟩ , P̂ iâ†(k) |0⟩ = kiâ†(k) |0⟩ , N̂ â†(k) |0⟩ = 1·â†(k) |0⟩ .

(3.35)

The attentive reader will have noticed that, while we have characterized all
possible asymptotic states, we have not yet mentioned antiparticles. So, where
are they? The short answer is that they haven’t been overlooked. They are
already included in the one-particle unitary irreducible representations we have
obtained. Exactly where they appear will be addressed in the following chapters.
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4 Scalar Free Fields

In the previous chapter, we focused on the one-particle unitary irreducible repre-
sentations of the Poincaré group. This privileged working in momentum space,
and it is the right attitude when focusing on the asymptotic states that appear
in the S-matrix. Nevertheless, the interaction between particles is most often
described in terms of fields in position space, since interaction terms are most
easily written in position space. We therefore need to work out the relationship
between momentum-space and position-space descriptions. In this chapter, we
establish this relation for the case of scalar particles and KG fields.

4.1 Real KG Field

We consider the following Lagrangian density

L =
1

2
(∂µϕ)(∂

µϕ)− 1

2
m2ϕ2 , L =

∫
ddxL , (4.1)

where ϕ(x) ∈ R.

Exercise

Deduce the E-L EoM associated with this Lagrangian.
Solution. One gets

(2+m2)ϕ(t,x) = 0 , where 2 = ∂µ∂
µ = ∂2t −∇2. (4.2)

Hamiltonian Formalism (Towards Quantization)

L =
1

2
ϕ̇2 − 1

2
(∇ϕ)2 − 1

2
m2ϕ2 ⇒ π(x) =

∂L
∂ϕ̇(x)

= ϕ̇(x).

The Hamiltonian density then reads

H = πϕ̇− L = π2 −
(
1

2
π2 − 1

2
(∇ϕ)2 − 1

2
m2ϕ2

)
=

1

2

(
π2 + (∇ϕ)2 +m2ϕ2

)
.

This far, we have treated the fields as classical.
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Canonical quantization rules

{ϕ(x), π(y)} = δ(d)(x− y) → [ϕ̂(x), π̂(y)] = iδ(d)(x− y) (4.3)

{ϕ̂(x), ϕ̂(y)} = {π̂(x), π̂(y)} = 0 [ϕ̂(x), ϕ̂(y)] = [π̂(x), π̂(y)] = 0 .

The (quantized) Hamiltonian density reads

Ĥ =
1

2

(
π̂2 + (∇ϕ̂)2 +m2ϕ̂2

)
.

Dynamics (Heisenberg Picture)

We now consider the time evolution of the fields

ϕ̂(t,x) = eiĤtϕ̂(x)e−iĤt, π̂(t,x) = eiĤtπ̂(x)e−iĤt. (4.4)

These equalities can be transformed into differential equations, similarly to the
procedure in Chapter 2 for NR fields. The outcome is nothing but the EoM in
the Hamiltonian formalism. Let us obtain them and check that they also yield
Eq. (4.2), but now in terms of quantum fields. For the time evolution of ϕ̂(t,x),
we have

i
∂

∂t
ϕ̂(t,x) =

[
ϕ̂(t,x), Ĥ

]
= eiĤt

[
ϕ̂(x), Ĥ

]
e−iĤt. (4.5)

For the commutator, we obtain[
ϕ̂(x), Ĥ

]
=

[
ϕ̂(x),

1

2

∫
ddy π̂2(y)

]
(4.6)

=
1

2

∫
ddy

{
π̂(x)

[
ϕ̂(x), π̂(y)

]
+
[
ϕ̂(x), π̂(y)

]
π̂(y)

}
=

1

2

∫
ddy

{
π̂(x)iδ(d)(x− y) + iδ(d)(x− y)π̂(y)

}
= iπ̂(x).

Therefore, we obtain

i
∂

∂t
ϕ̂(t,x) = iπ̂(x) . (4.7)

We now generate the second equation:

i
∂

∂t
π̂(t,x) =

[
π̂(t,x), Ĥ

]
= eiĤt

[
π̂(x), Ĥ

]
e−iĤt.

To compute it, we need the following commutator:[
π̂(x), Ĥ

]
=

1

2

∫
ddy

[
π̂(x), (∇ϕ̂(y))2 +m2ϕ̂2(y)

]
.
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The first term of this commutator yields

1

2
m2

∫
ddy

[
π̂(x), ϕ̂2(y)

]
= −im2ϕ̂(x),

and the second reads

1

2

∫
ddy

[
π̂(x),

(
∇yϕ̂(y)

)2]
=

1

2

∫
ddy

[
π̂(x), (∇i

yϕ(y))
]
∇i

yϕ(y) + . . .

= − i
2

∫
ddy 2(∇i

y δ
(d)(x− y)) ·∇i

yϕ̂(y) = −
i

2

∫
ddy 2δ(d)(x− y)∇2

yϕ̂(y)

= i∇2
xϕ̂(x) .

So, overall

i
∂

∂t
π̂(x, t) = +i

(
∇2

x −m2
)
ϕ̂(t,x). (4.8)

Combining Eqs. (4.7) and (4.8), we recover the KG equation:

∂2

∂t2
ϕ̂(t,x) = (∇2

x −m2)ϕ̂(t,x) ⇒ (2+m2)ϕ̂(x) = 0.

Solution to the KG equation
We now look for the solution to the KG equation. It is convenient to Fourier
transform the KG field:

ϕ(x) =

∫
dDk ϕ̃(k)e−ik·x,

then

(2+m2)ϕ(x) =

∫
dDk ϕ̃(k)

(
−k2 +m2

)
e−ik·x = 0.

This implies

ϕ̃(k) = 0 unless k2 = k20 − k2 = m2 ⇒ on-shell condition.

Defining (see Eq. (3.34))

k0 = ωk ≡
√
k2 +m2, ϕ(ωk, k) ∝ a(k), dk̃ =

ddk

(2π)d2ωk

,

we can write the general solution as

ϕ(x) =

∫
dk̃
[
a(k)e−ik·x + a∗(k)eik·x

]
,
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where a(k) is an arbitrary function.

Its quantum version (quantum field) is obtained merely transforming this ex-
pression into an operator:

ϕ̂(x) =

∫
dk̃
[
â(k)e−ik·x + â†(k)eik·x

]
.

â(k), â†(k) and their commutation relations

Exercise

Determine â(k) and â†(k) in terms of ϕ̂(x) and its time derivative.
Hint: Use the following ansatz

â(k) ∼
∫
ddxe i k·x(i

˙̂
ϕ(x) + ωkϕ̂(x)),

where k0 = ωk =
√
k2 +m2. Work out the exact normalization factors by

comparing with the mode expansion of the field. Finally, note that the
result holds true for any x0.

Exercise

Prove that [
â(k), â†(k′)

]
= 2ωk (2π)

d δ(d)
(
k− k′

)
, (4.9)[

â(k), â(k′)
]

=
[
â†(k), â†(k′)

]
= 0 .

Hint: Use the canonical commutation relations
[
ϕ̂(x), π̂(y)

]
=

i δ(3)(x−y), ...., together with the integral expressions (from the previous
exercise) that define â(k) and â†(k).

Exercise

Show that

Ĥ =

∫
ddx

1

2

[
˙̂
ϕ2 +

(
∇ϕ̂
)2

+m2ϕ̂

]
=

∫
dk̃
ωk

2

[
â†(k)â(k) + â(k)â†(k)

]
.

(4.10)

Using this result and the commutation relations obtained in Eq. (4.9), we obtain

Ĥ =

∫
dk̃ ωk â

†(k)â(k′) +

∫
dk̃wk

1

2
δ.
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The term proportional to 1
2
δ is infinity but field-independent. Therefore, since

we are only concerned with measuring energy differences (in particular with
respect to the vacuum), we are not sensitive to this term.

The preceding results can be understood within the framework of the Fock Space
for free massive spin-zero particles.1 Recall that the vacuum |0⟩ ≡ |0⟩ is defined
by

â(k) |0⟩ = 0 ∀ k.
Acting with the creation operator on the vacuum produces a one-particle state

â†(k) |0⟩ = |k⟩, (4.11)

which is normalized in the following way

⟨k′|k⟩ = 2wk(2π)
dδ(d)(k′ − k) (4.12)

If we considerH |0⟩ orH|k⟩, we will obtain infinite quantities in both expressions
but the energy difference is finite.

Similarly, multiple creation operators yield multiparticle states |k1,k2, . . .⟩. Again,
in this case, energy differences are finite.

Normal ordering. For boson operators, the normal ordering of the product
â(k) â†(k) is defined as

: â(k) â†(k) : = â†(k) â(k),

i.e. all creation operators move to the left and the annihilation operators to the
right. Consequently, the normal-ordered Hamiltonian takes the form

:Ĥ : =

∫
dk̃ ωk â

†(k) â(k), (4.13)

which eliminates the infinite vacuum-energy contribution. In this way, we do
not have the problem of the vacuum energy being infinite.

Note that Eq. (4.13) is the Hamiltonian of free spin-zero particles given in
Chapter 3, which did not have any infinity problems for the vacuum energy.

Conclusion

The canonical quantization of the Lagrangian of the real KG field gener-
ates the Hilbert space of free spin-zero massive (or massless) particles.

1To verify that it really represents a spin-zero particle and not (as bizarre as it may sound)
a component of a non-zero spin particle, we must impose that the field transforms as a scalar
(see Exercise 2 in Sec. 4.5).
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Question. Is the KG Hamiltonian the only way to write a Hamilto-
nian for scalar particles in terms of fields? Why not just work with
ϕ̂(+)(x)/ϕ̂(−)(x)?

In principle, it is possible to write the Hamiltonian using

ϕ̂(+)(x) =

∫
dk̃ â(k)e−ik·x, ϕ̂(−)(x) = ϕ̂(+)†(x) =

∫
dk̃ â†(k)eik·x.

as building blocks.

Ĥ =

∫
ddx

[
˙̂
ϕ(−)(x)

˙̂
ϕ(+)(x) +

(
∇ϕ̂(−)(x)

)(
∇ϕ̂(+)(x)

)
+m2ϕ̂(−)(x)ϕ̂(+)(x)

]
,

gives the right Ĥ without any infinite contribution.

There is also another possibility:

Ĥ =

∫
ddx

[
ϕ̂
(−)
NR(x)

√
−∇2 +m2 ϕ̂

(+)
NR(x)

]
, (4.14)

using the following fields with NR normalization

ϕ̂
(+)
NR(x) =

∫
ddk

(2π)d
â(k)e−ikx, ϕ̂

(−)
NR(x) = ϕ̂

(+)†
NR (x) =

∫
ddk

(2π)d
â†NR(k)e

+ikx,[
âNR(k), â

†
NR(k

′)
]
= (2π)d δ(d)

(
k− k′

)
(4.15)

{ϕ̂(+)
NR(x

0,x), ϕ̂
(−)
NR(x

0,y)} = δ(d)(x− y). (4.16)

This last option arises from the alternative Lagrangian

L = ϕ
(−)
NR(x)

(
i∂0 −

√
−∇2 +m2

)
ϕ
(+)
NR(x) . (4.17)

This Lagrangian can be related to the original KG Lagrangian using Foldy-
Wouthuysen transformations.2

There is no problem with these constructions at the level of free particles. The
problem arises when one attempts to introduce interactions in relativistic QFTs
in terms of ϕ(+) and ϕ(−) independently (actually it is possible but not natural,
as the natural object that appears in the interaction term will be ϕ(x), the KG
field).

2The application of Foldy-Wouthuysen transformations to relativistic spin-12 particles can
be found in [7].
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4.1.1 Propagators

Feynman propagators are basic objects for the computation of S-matrix ele-
ments. Let us discuss the general structure of propagators for KG fields.

We first compute the commutator between fields at different times (thus depart-
ing from the canonical quantization conditions):[

ϕ̂(t,x), ϕ̂(t′,y)
]
=
[
ϕ̂(+)(x), ϕ̂(−)(y)

]
+
[
ϕ̂(−)(x), ϕ̂(+)(y)

]
(4.18)

=

∫
dk̃

∫
dk̃′
[
â(k), â†(k′)

]
e−ik·xeik

′·y + . . . (4.19)

=

∫
dk̃ e−ik·(x−y) + . . . ≡ i∆+(x− y) + i∆−(x− y) ≡ i∆(x− y), (4.20)

where x ≡ (t,x); y ≡ (t′,y);∫
dẽ−ik(x−y) ≡ i∆+(x− y) ,

and we have the conjugation property

∆+(x− y) = −∆−(y − x), and ∆(x) = −∆(−x).

Computation of ∆(x)

We now derive an explicit expression for ∆(x).

∆(x) = −i
∫
dk̃
(
e−ik·x − eik·x

)
(4.21)

= −2
∫
dk̃ sin(k · x) = − 1

(2π)d

∫
ddk

ωk

sin(k · x),

where k · x = ωkt− k · x. Then

∆(x) =
m

4π
√
λ
ϵ(x0)θ(λ)J1(m

√
λ)− 1

2π
ϵ(x0)δ(λ), where λ = x2 = (x0)2 − |x|2,

where

ϵ(n) = θ(n)− θ(−n) .

From this result, it is evident that ∆(x) behaves as a scalar under Poincaré
transformations.
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Exercise

Show that

[ϕ(x), ϕ(y)] = 0 for space-like separation vectors, i.e. for (x− y)2 < 0 .

This property is called microcausality. It holds in any reference frame.
Note that, for space-like vectors, there is always a frame in which x0 = y0.

Discussion

If we promote ϕ̂(x) to be an observable, we may be interested in computing

⟨0|
[
ϕ̂(x)ϕ̂(y)− ϕ̂(y)ϕ̂(x)

]
|0⟩ .

As expected, this is zero for space-like distances — the ordering of measurements
should not matter at space-like distances. The problem with this argument is
that fields cannot always be promoted to observables. A necessary condition
is that they should be Hermitian, something not fulfilled by fermion fields, for
instance. One may also think that the same problem appears for complex fields,
but those can typically be rewritten as combinations of real fields.

On the other hand, note that[
ϕ̂(+), ϕ̂(−)

]
̸= 0 for space-like separation.

If microcausality is to play a role in our construction of interacting relativistic
theories, this result suggests that ϕ(+)/ϕ(−) alone are not the optimal building
blocks to write such a theory. Instead, one should use a specific linear combina-
tion of them.

Towards a more covariant representation of the propagators

We can rewrite ∆±(x) in the following way:

∆±(x) = − 1

(2π)D

∫
C±

dDk
e−ik·x

k2 −m2
, (4.22)

where k0 is a complex variable running along the C± path. The denominator can
be written as k2−m2 = k20 −k−m2 = k20 −ω2

k = (k0−ωk)(k0+ωk). Therefore,
k0 = ±ωk are singularities. Overall, the integrand is analytic throughout the
complex plane except at k0 = ±wk, where the integrand has simple poles.

The k0 integration paths for C± and C are drawn below:
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Paths of Integration

C−

C

C+

−ωk ωk

It is easy to see that ∆±(x) can be written as in Eq. (4.22) by using∮
C+

dk0

(
e−ik

0t

2ωk(k0 − ωk)
+ non-singular terms

)

= 2πi
e−iωkt

2ωk

, (4.23)

and alike. This confirms that Eq. (4.22) is correct. We can perform a similar
analysis for ∆−(x).

We can also obtain

∆(x) = − 1

(2π)D

∫
C

dDk
e−ik·x

k2 −m2
. (4.24)

We will later use the following equalities:

i∆+(x− y) =
[
ϕ̂(+)(x), ϕ̂(−)(y)

]
= ⟨0|

[
ϕ̂(+)(x), ϕ̂(−)(y)

]
|0⟩ (4.25)

= ⟨0|ϕ̂(+)(x)ϕ̂(−)(y)|0⟩ = ⟨0|ϕ̂(x)ϕ̂(y)|0⟩ .

Note that
[
ϕ̂(+), ϕ̂(−)

]
= c-number and can be related with the expectation value

in the vacuum of two KG fields at different space-time positions, i.e. with its
correlation.

Note also that
(2x +m2)∆±(x− y) = 0,

and, likewise, for any linear combination of them. Therefore, these are not yet
Green’s functions, although they will be related to them.
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4.1.2 Feynman Propagator

Unlike the propagators considered so far, the Feynman propagator is the quantity
that appears in actual computations of physical processes. We begin by defining
the time-ordering operation (for bosonic operators)

T
{
ϕ̂(x)ϕ̂(x′)

}
=

{
ϕ̂(x)ϕ̂(x′) t > t′,

ϕ̂(x′)ϕ̂(x) t′ > t.

Using the Heaviside step function, the above operation can be written as:

T
[
ϕ̂(x)ϕ̂(x′)

]
= θ(t− t′)ϕ̂(x)ϕ̂(x′) + θ(t′ − t)ϕ̂(x′)ϕ̂(x) .

We define the Feynman Propagator as

F.P. ≡ i∆F (x− x′) = ⟨0|T
{
ϕ̂(x)ϕ̂(x′)

}
|0⟩ .

So,

∆F (x) = θ(t)∆+(x)−∆−(x)θ(−t) .

Exercise

Determine (2x +m2)∆F (x)
Solution: We first compute

(2x +m2)(θ(t)∆+) = (∂t∂t −∇2 +m2)(θ∆+)

= ∂2t (θ∆
+) + θ(−∇2 +m2)∆+ = ∂2t (θ∆

+)−����θ∂2t∆
+

Now note that

∂(θ∆+) = ∂t(θ)∆
+ + θ∂t∆

+ = δ(t)∆+ + θ(t)(∂t∆
+)

↓
∂2t (θ∆

+) = ∂t [δ(t)∆
+ + θ(t)(∂t∆

+)] = ∂t(δ(t)∆
+) + δ(t)∂t∆

+ +����θ∂2t∆
+

↓
δ(t)∂t∆

+ = δ(t)
[
∂t

(
−i
∫
dk̃e−ikx

)]
= δ(t)

[
−
∫

ddk
(2π)d

1
2ωk

ωke
−ikx

]
= −1

2
δ(t)δ(d)(x) = −1

2
δ(D)(x)

⇒ (2x +m2)(θ(t)∆+) = ∂t
(
δ(t)∆+

)
− 1

2
δ(D)(x).
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Exercise (Cont.)

We leave as an exercise to the reader to show that

(2+m2)(θ(−t)∆−) = ∂t(−δ∆−) +
1

2
δ(D)(x) (4.26)

Therefore, we have

(2+m2)∆F (x) = ∂t
(
δ(t)(∆+ +∆−)

)
− δ(D)(x). (4.27)

Let us focus on the first term:

δ(t)∆ = δ(t)

(
− 1

(2π)d

)∫
ddk

2ωk

sin (k0t− k · x)

t=0
= δ(t)

(
− 1

(2π)d

)∫ ∞
−∞

ddk

2ωk

sin (−k · x) sin→odd
= 0. (4.28)

Therefore,
(2+m2)∆F (x) = −δ(D)(x) . (4.29)

This means that ∆F (x) is a Green’s function. Note that this result holds
in any reference frame.

Covariant expression of the Feynman propagator

We write3

∆F (x) =
1

(2π)D

∫
CF

dDk
e−ik·x

k2 −m2
=

1

(2π)D

∫
ddk eik·x

∫
CF

dk0
e−ik0·x

k20 − ω2
k

. (4.30)

Note again that k0 is a complex variable. The path CF can be found in the
figure below4

CFωk

−ωk

Wick rotation

3Note the overall change of sign with respect to the definition of ∆(x).
4Wick rotation profits from the fact that we can deform the integration path as long as

we do not cross any singularity, and the contribution at infinity can be neglected. It is then
customary to rotate 90º and make k0 purely imaginary.
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As in the case of ∆(x), the integrand has two simple poles, located at k0 = ±wk.
However, unlike in the case of ∆(x), the integration path in the complex plane
is open. Therefore, we cannot directly apply Cauchy’s theorem. We must first
close the contour. We will then use Jordan’s Lemma.5 To do so, we must
distinguish between the case t > 0 and t < 0.

Case t > 0: Let iIm[k0] = ib,⇒ −ik0t = bt. Therefore, we need b < 0 to apply
Jordan’s Lemma and neglect the semicircle contribution to the integral. Conse-
quently, we close the integration path in the lower half-plane. This captures the
pole at k0 = ωk, so

IF + IΓ = −(2πi)
∑

Resf(z) ⇒ ∆F (x) = ∆+(x) for t > 0 ,

since we can deform the path to make it equal to −C+. We show the integration
path below.

CFωk

−ωk

IΓ = 0

Γ

Exercise

Case t < 0: We leave as an exercise to the reader to verify that

∆F (x) = ∆−(x) .

Also note that

(2+m2)∆F (x) =
1

(2π)D

∫
CF

dDx
(2+m2)e−ikx

k2 −m2
(4.31)

= − 1

(2π)D

∫
CF

dDx e−ikx = −δ(D)(x),

where in the last equality we have used that CF lies almost on the real axis and
the Fourier transform representation of the Dirac delta in distribution theory.

5Note that, leaving aside the exponential factor, the integrand decays fast enough at infinity
to be eligible for applying Jordan’s Lemma.
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General solution to the KG equation with external sources

(2+m2)F (x) = −f(x) = −
∫
dDy f(y)δ(D)(x−y) =

∫
dDy f(y)(2+m2)∆F (x−y)

⇒ F (x) =

∫
dDy f(y)∆F (x− y) + A∆+(x) +B∆−(x) ,

Particular solution Homogeneous solution

where A and B are arbitrary constants.

Other possibilities: Retarded and Advanced

We can also define the retarded and advanced propagators (among other
possibilities, see [2], for instance)

∆A,R(x) =
1

(2π)D

∫
CA,R

dDk
e−ikx

k2 −m2
,

where

t > 0→
{

∆R = ∆,
∆A = 0.

t < 0→
{

∆R = 0,
∆A = −∆. (4.32)

CR
ωk−ωk

CAωk−ωk

We obtain

∆R = θ(t)∆, ∆A = −θ(−t)∆ ⇒ ∆R −∆A = ∆ .

Exercise

Show that
(2x +m2)∆R(x− y) = −δ(D)(x− y) .
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Alternative expression for the Feynman propagator

We can infinitesimally move the position of the poles as follows

CF

+iη

−iη
η → 0

;

−ωk + iη

ωk − iη

Real

This ensures that we can treat the four components of kµ as real variables and
rewrite the Feynman propagator in the following way:

∆F (x) =
1

(2π)D

∫
RD

dDk
e−ikx

k2 −m2 + iη
, (4.33)

where the η → 0 limit is understood. This is the standard expression used in
perturbative computations of the S-matrix. Let us end by emphasizing that k0

here cannot be interpreted as the physical energy of the particle, since k0 ̸= wk.

4.2 Symmetries

We have chosen to postpone the discussion of symmetries and Noether’s theorem
until this point, even though part of it could have been addressed at the classical
level in Sec. 1.3. The main reason for doing so is that now we can also develop
the quantum version in parallel.

We will use the real KG field as a template, although the methodology will be
general.

Field Redefinition (Transformation)

We consider a Lagrangian density L(ϕ) (for simplicity we omit derivatives of
the fields, or any explicit x dependence). We are always free to make a field
redefinition (a change of “coordinates”) as follows:

ϕ′ = ϕ+ δϕ .

We define the Lagrangian associated with the new field as

L′(ϕ′) ≡ L(ϕ(ϕ′)) ⇒ S =

∫
dDxL(ϕ) =

∫
dDxL′(ϕ′) .

If ϕ0 is a solution of the EoM of L(ϕ), then −→ ϕ′0 is a solution of L′(ϕ′).
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For Lagrangians that depend on, at most, first-order derivatives,6 we define the
following shorthand notation for the E-L operator:

[L]ϕ =
∂L
∂ϕ
− ∂µ

∂L
∂(∂µϕ)

.

We then have (δS = 0)

[L]ϕ0 = 0 ⇐⇒ [L′]ϕ′
0
= 0,

Nevertheless, not all field redefinitions are considered to be symmetries. We
provide a definition of symmetry below.

Definition

A transformation δϕ is a symmetry of the action if for every ϕ solution
of the EoM,

[L]ϕ = 0 ⇒ [L]ϕ+δϕ = 0.

We emphasize that the Lagrangian has not changed.

4.2.1 Noether’s Theorem (for continuous symmetries: Lie
groups)

Noether’s theorem provides a powerful link between continuous symmetries and
conserved quantities:

� It gives a sufficient condition to determine whether a field transformation
is a symmetry.

� It also determines the associated conserved quantities (also called charges)
related to these symmetries. These conserved quantities are constant in
time. In some cases, but not always, they will commute with the Hamil-
tonian. Recall that this last condition is required for obtaining a complete
set of compatible observables. This is not the case with all generators
of the Poincaré group. In practice, this means that such operators will
exhibit some explicit time dependence.

Let us consider a Lagrangian density L(ϕ(x)) and the associated action

S =

∫
dDxL(ϕ).

We consider a transformation ϕ→ ϕ′ = ϕ+ δϕ and the new action

S ′ =

∫
dDxL(ϕ′).

6Otherwise, we should generalize this definition.
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We minimize the action in both cases

δS = 0, δS ′ = 0.

Using

S ′ =

∫
dDx [L(ϕ′)− L(ϕ)] +

∫
dDxL(ϕ).

If the Lagrangian changes by a total derivative

L(ϕ′)− L(ϕ) = ∂µΩ
µ,

and the fields vanish at infinity, then∫
dDx [L(ϕ′)− L(ϕ)] = 0 , (4.34)

and both actions yield the same EoM. This is Noether’s result:

Noether’s Theorem 1st part

A sufficient condition for a field transformation δϕ to be a symmetry is

L(ϕ′)− L(ϕ) = ∂µΩ
µ . (4.35)

The second part of Noether’s theorem states that there are associated conserved
currents for every continuous symmetry. Let us derive them. We expand the
change in the Lagrangian to first order under a small field transformation:

L(ϕ′)− L(ϕ) = δL =
∂L
∂ϕ

δϕ+
∂L

∂(∂µϕ)
δ(∂µϕ)

=
∂L
∂ϕ

δϕ+ ∂µ

(
∂L

∂(∂µϕ)
δϕ

)
−
(
∂µ

∂L
∂(∂µϕ)

)
δϕ

=

[
∂L
∂ϕ
− ∂µ

(
∂L

∂(∂µϕ)

)]
δϕ+ ∂µ

(
∂L

∂(∂µϕ)
δϕ

)
(4.35)
= ∂µΩ

µ,

where we have used δ(∂µϕ) = ∂µδϕ. We emphasize that ∂µ in the expressions
above is a total derivative (acting on the fields and on the explicit x dependence).
All the above equalities are identities except the final one, which is the condition
for the field transformation to be a symmetry. Overall, we have

[L]ϕδϕ+ ∂µ

(
∂L

∂(∂µϕ)
δϕ− Ωµ

)
= 0.
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If ϕ satisfies the EoM, i.e., [L]ϕ = 0, then we get

∂µ

(
∂L

∂(∂µϕ)
δϕ− Ωµ

)
= 0 ,

and

Definition

Jµ ≡ ∂L
∂(∂µϕ)

δϕ− Ωµ, (4.36)

is a conserved current. If the fields are solution of the EoM, we have that

∂µJ
µ
∣∣∣
ϕ−sol. EoM

= 0 . (4.37)

In the general case of fields with an extra quantum number A (which could
either be internal or associated with the Poincaré symmetry), one has

Jµ ≡
∑
A

∂L
∂(∂µϕA)

δϕA − Ωµ. (4.38)

From this result, and for fields that are zero at (spatial) infinity, we can also
write the corresponding Conserved charges:

Q ≡
∫
ddx J0(t,x),

i.e., they are time-independent:

dQ

dt
=

∫
ddx

∂J0

∂t
=

∫
ddx ∂iJ

i = −
∫
∂V

J idσi =
ϕ(∞)→0

0.

Note that the conserved charges are defined up to arbitrary multiplicative con-
stants.

Discussion about Total Derivative Terms in the Lagrangian7*

� CM

We first discuss the case in CM. We consider a Lagrangian modified by a
total time derivative term

L′(qj, q̇j, t) = L(qj, q̇j, t) +
d

dt
F (qj, t) .

7This discussion is not fundamental for the purposes of this book, and could be skipped in
a first reading.
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Such a term does not affect the EoM. Let us check this out.

G ≡ d

dt
F (qj, t) =

∂

∂t
F (qj, t) +

∑
q̇j

∂

∂qj
F (qj, t).

Since
∂G

∂q̇j
=

∂

∂qj
F (qj, t) ,

we get that the E-L EoM

∂L
∂qj
− d

dt

∂L
∂q̇j

= 0,

applied to G is nothing but an identity:

d

dt

∂F

∂qj
− ∂

∂qj

dF

dt
= 0 (due to the commutativity of the derivatives).

� Field theory

We now consider
Ωµ = Ωµ(x, ϕ).

The generalization of a total derivative is

G ≡ ∂TµΩ
µ(x, ϕ) = ∂µΩ

µ(x, ϕ) +
∂Ωµ

∂ϕ
∂µϕ.

Since
∂G

∂(∂µϕ)
=
∂Ωµ

∂ϕ
,

we get that the E-L EoM,

∂L
∂ϕ
− ∂Tµ

∂L
∂(∂µϕ)

= 0 ,

applied to G is, again, nothing but an identity:

∂

∂ϕ

(
∂Tν Ω

ν
)
− ∂Tµ

(
∂Ωµ

∂ϕ

)
=

∂

∂ϕ

∂T

∂xν
Ων − ∂T

∂xν
∂

∂ϕ
Ων = 0,

due to the commutativity of the derivatives.

� One can write a more general expression for Ωµ:

Ωµ → Ωµ(x, ϕ, ϕν , . . . ),

but then the E–L EoM must be modified accordingly.
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4.2.2 Translations

Let us apply Noether’s theorem to translations. A space-time translation acts
as

xµ → x′µ = xµ + δaµ.

For scalar fields, the invariance condition is

ϕ′(x′) = ϕ(x),

which means that both observers assign the same numerical value to the field
∀x. In the quantum theory, the equality should be understood at the level of op-
erators (one obtains the same numerical values for all possible matrix elements).

The invariance condition can be written in the following way

ϕ′(x) = ϕ(x− δa) , (4.39)

which is more convenient for us. Expanding to first order in δa, the variation of
the field is (see also Sec. 1.4.4)

δϕ(x) = ϕ′(x)−ϕ(x) = ϕ′(x′− δa)−ϕ(x) = ϕ′(x′)− δaµ ∂ϕ
∂xµ
−ϕ(x) = −δaµ∂µϕ .

We now consider variations for one of the specific coordinates

δ[µ]ϕ = −
(
∂[µ]ϕ

)
δa[µ] , (4.40)

where there is no summation convention when we write [µ], i.e. µ is fixed: We
perform a translation for each direction.

Now, let us compute the variation of the Lagrangian density L(ϕ, ϕ,µ;x). We
obtain

δ[µ]L =
∂L
∂ϕ

δ[µ]ϕ+
∂L

∂(∂σϕ)
∂σδ[µ]ϕ.

Using the variation δϕ = −δa[ν]∂[ν]ϕ, we get

δ[µ]L =
∂L
∂ϕ

(
−∂[µ]ϕδa[µ]

)
+

∂L
∂(∂σϕ)

(
∂σ
(
−∂[µ]ϕ

)
δa[µ]

)
(4.41)

= −
(
∂L
∂ϕ

∂[µ]ϕ+
∂L

∂(∂σϕ)
∂σ
(
∂[µ]ϕ

))
δa[µ]=−

(
∂TµL

)
δa[µ].

If L has NO explicit x-dependence: L = L(ϕ, ϕ′µ)
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With the label T in ∂Tµ , we want to emphasize that it is a total derivative, which
can be rewritten in the following way:

δ[µ]L = −∂Tσ
(
Lδσ[µ]δa[µ]

)
, (4.42)

so it satisfies Noether’s condition for symmetry: δL = ∂µΩ
µ.

Let’s now determine the current. The above expression can also be written as:

δ[µ]L =
∂L
∂ϕ

δ[µ]ϕ+
∂L
∂ϕ′ν

∂νδ[µ]ϕ = [L]δ[µ]ϕ+ ∂σ

(
∂L
∂ϕ′σ

δ[µ]ϕ

)
. (4.43)

By combining Eqs. (4.42) and (4.43), we obtain

[L]δ[µ]ϕ+ ∂σ

(
∂L
∂ϕ′σ

δ[µ]ϕ + Lδσ[µ]δa[µ]
)

= 0 , (4.44)

and the conserved current reads

Jσ
[µ] =

(
−δ[µ]ϕδa[µ]

) ∂L
∂ϕ′σ

+ Lδσ[µ]δa[µ] = −
(
∂L
∂ϕ′σ

δ[µ]ϕ− Lδσ[µ]
)
δa[µ]. (4.45)

Remark: This current can be multiplied by a constant, if desired, without
breaking the conservation condition.

Definition

Energy-momentum tensor (Noether’s current associated with space-
time translations)a

T σµ =
∂L
∂ϕ′σ

∂µϕ− ησµL.

This expression holds true for any arbitrary interacting theory made of
KG fields with a Lagrangian density of the form: L(ϕ, ϕ′µ).

aIt transforms as a tensor with two indices under Lorentz transformations.

Generator of Translations

From the energy-momentum tensor T µν , we obtain

P µ =

∫
ddx T 0µ.

These are the conserved charges associated with translational symmetry.

In the case of a free scalar field, we have

T µν = (∂µϕ)(∂νϕ)− gµν
[
1

2
(∂λϕ)(∂

λϕ)− 1

2
m2ϕ2

]
.
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It is easy to see that P 0 = H0. It can also be written in terms of creation and
annihilation operators (see Eq. (4.10)).

For the spatial momentum operator, we have

Pi =

∫
ddx(∂0ϕ)(∂iϕ) .

Exercise

Show that

P̂ = −
∫
ddx

˙̂
ϕ(x)∇ϕ̂(x) =

∫
dk̃ k â†(k)â(k). (4.46)

Note that in this case, unlike for P 0, there is no need for normal ordering
to get this result.

Exercise

Show that P µ are the generators of translations.
Solution
We first consider how the creation operator transforms under translations

â†(k, λ) ≡ eiλµP̂µ

â†(k)e−iλµP̂µ

=? (4.47)

We expect this quantity to be proportional to â†(k) up to, maybe, a phase
factor, since the state does not change under these transformations.
Similarly to the time evolution discussed previously in the NR case or for
KG, â†(k, λ) can be obtained by generating a differential equation:

i
∂

∂λµ

â†(k, λ) =
[
â†(k, λ), P̂ µ

]
= eiλµP̂µ

[
â†(k), P̂ µ

]
e−iλµP̂µ

= −kµâ†(k, λ) ,

(4.48)
where we have used [

P̂ µ, â†(k)
]
= kµâ†(k) . (4.49)

Solving the differential equation, we obtain

â†(k, λ) = eiλµP̂µ
â†(k)e−iλµP̂µ

= e+iλµkµ â†(k),

â(k, λ) = eiλµP̂µ
â(k)e−iλµP̂µ

= e−iλµkµ â(k).

(4.50)
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Exercise (Cont.)

The creation and annihilation operators acquire a momentum-dependent
phase under translations:

â†(k)→ e+iλµkµ â†(k), â(k)→ e−iλµkµ â(k),

⇒ â†(k)|0⟩ → e+iλµkµ â†(k)|0⟩ . (4.51)

We now check how the field operator itself transforms. Given

ϕ̂(x) =

∫
dk̃
[
â(k)e−ikx + â†(k)e+ikx

]
,

show that

eiλ·P̂ ϕ̂(x)e−iλ·P̂ =

∫
dk̃
[
â(k)e−ik(x+λ) + â†(k)e+ik(x+λ)

]
= ϕ̂(x+ λ).

Conclusion

eiλ·P̂ ϕ̂(x)e−iλ·P̂ = ϕ̂(x+ λ) ,

so the argument of the field operator is changed by the generator of trans-
lations, as one would expect for a translation.

4.3 Complex KG Field

We now consider a complex KG field. The Lagrangian density is given by

L = (∂µϕ
∗)(∂µϕ)−m2ϕ∗ϕ = −ϕ∗(2+m2)ϕ. (4.52)

The discussion now runs parallel with the one we had for real KG fields. There-
fore, we skip most derivations and discussions and only write down explicitly
the most relevant results.

EoM: For the E-L EoM, we get

(2+m2)ϕ(x) = 0 , (2+m2)ϕ∗(x) = 0 . (4.53)

Quantization: We impose the equal-time canonical commutation relations

[ϕ̂(x), π̂(y)] = iδ(d)(x− y), [ϕ̂(x), ϕ̂(y)] = [π̂(x), π̂(y)] = 0, (4.54)

and similarly for the conjugate.
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Using π̂(x) =
˙̂
ϕ†(x), we can rewrite the first commutation relation above as

[ϕ̂(x),
˙̂
ϕ†(y)] = iδ(d)(x− y). (4.55)

and similarly for the conjugate, where we have π̂†(x) =
˙̂
ϕ(x).

Solution to the EoM: The field operator ϕ̂(x) can be expanded as

ϕ̂(x) =

∫
dk̃
[
â(k)e−ikx + b̂†(k)e+ikx

]
, (4.56)

and similarly

ϕ̂†(x) =

∫
dk̃
[
b̂(k)e−ikx + â†(k)e+ikx

]
. (4.57)

Here we do not impose hermiticity. Therefore, â and b̂ do not have to be equal
(though they correspond to particles with the same mass, as they satisfy the
same dispersion relation).

Commutation Relations: The canonical quantization imposes the following
non-zero commutators

[â(k), â†(k′)] = 2ωk(2π)
dδ(d)(k− k′),

[b̂(k), b̂†(k′)] = 2ωk(2π)
dδ(d)(k− k′).

(4.58)

All other commutators vanish

[â, â] = [â†, â†] = [b̂, b̂] = [b̂†, b̂†] = [â, b̂] = · · · = 0.

Two-particle Interpretation: This formalism introduces two operators: a
and b, suggesting the presence of two kinds of particles with the same mass. The
natural question is

How can we distinguish them?

The answer lies in the symmetries of the Lagrangian: the theory has a global
U(1) symmetry, which according to Noether’s theorem implies the existence of
a conserved charge.

We explore this symmetry and its associated charge below.

Global U(1) Symmetry and Conserved Charge

The Lagrangian of the complex KG field is invariant under global U(1) trans-
formations (see also Exercise 7 in Sec. 1.3.5)

ϕ(x)→ eiαϕ(x) ≃ ϕ(x) + δϕ(x), ϕ∗(x)→ e−iαϕ∗(x) ≃ ϕ∗(x)− δϕ∗(x),
(4.59)
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where the infinitesimal variation is

δϕ = iαϕ(x), δϕ∗ = −iαϕ∗(x). (4.60)

This transformation leaves the Lagrangian invariant:

L′ ≡ L(ϕ′, ∂µϕ′) = L(ϕ, ∂µϕ) ⇒ ∂µΩ
µ = 0. (4.61)

Noether’s Current: Using Noether’s theorem, we can derive the conserved
current associated with this global U(1) symmetry:

jµ =
∂L

∂(∂µϕ)
δϕ+

∂L
∂(∂µϕ∗)

δϕ∗ = iα [(∂µϕ∗)ϕ− (∂µϕ)ϕ∗] = −iα
(
ϕ∗
↔
∂µϕ

)
.

(4.62)

Noether’s Charge: The conserved charge (integral over the time component
of the current) is

Q =

∫
ddx j0 = −iq

∫
ddx

[
ϕ̇†ϕ− ϕ̇ϕ†

]
. (4.63)

Note that the normalization is arbitrary. We choose this one for convenience.

Exercise

Operator Form of the Charge: Using the mode expansion of the field
operator show that

Q̂ = q

∫
dk̃
[
â†(k)â(k)− b̂†(k)b̂(k)

]
. (4.64)

This charge distinguishes particles created by â† (charge +q) and those
created by b̂† (charge −q).

Number Operator: We can also define a number operator that counts both
types of particles regardless of charge

N̂ =

∫
dk̃
[
â†(k)â(k) + b̂†(k)b̂(k)

]
. (4.65)

Charge and Number Operator Eigenstates

We now define the one-particle states associated with the creation operators as

|k⟩a ≡ â†(k) |0⟩ , |k⟩b ≡ b̂†(k) |0⟩ . (4.66)
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Action of the Charge Operator: The charge operator acts on these states
as

Q̂ |k⟩a = q

∫
dk̃′
[
â†(k′)â(k′)− b̂†(k′)b̂(k′)

]
â†(k) |0⟩ = +q |k⟩a ,

Q̂ |k⟩b = −q |k⟩b .

Action of the Number Operator

N̂ |k⟩a = 1 |k⟩a , N̂ |k⟩b = 1 |k⟩b . (4.67)

Interpretation: The operator Q̂ distinguishes between particles of

� Equal mass.

� Opposite charge.

Commutators and Microcausality

� One can show that the field commutators satisfy

[ϕ̂(x), ϕ̂†(y)] = 0 for (x− y)2 < 0.

This yields microcausality for complex KG fields.

� We also have
[ϕ̂(x), ϕ̂(y)] = 0 always.

4.4 Wick’s Theorem and Contractions

Wick’s theorem relates time-ordered operators with normal-ordered operators
plus Feynman propagators. This theorem will prove useful when we compute
the S-matrix in perturbation theory.

We consider (relativistic) fields that are linear combinations of creation and
annihilation operators: ϕ̂ = ϕ̂(+) + ϕ̂(−) with ϕ̂(+) ∼ â and ϕ̂(−) ∼ â† (or ∼ b̂† if
the field is complex). We will discuss both relativistic bosons and fermions.

Definition. Time ordering

We now give the general definition of the time ordering operation on n fields:

T{Â1(x1)Â2(x2) · · · Ân(xn)} (4.68)

=
∑
Perm
(σ∈Pn)

(−1)Pσθ(tσ1 − tσ2) · · · θ(tσn−1 − tσn)Âσ1(xσ1) · · · Âσn(xσn) .

(−1)Pσ stands for the fact that a (-1) factor has to be introduced each time two
fermion fields are permuted.
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Definition. Normal ordering (general)

ϕ̂ = ϕ̂(+) + ϕ̂(−), (4.69)

where ϕ̂(+) ≡ annihilation and ϕ̂(−) ≡ creation. Given fields Q̂, R̂, . . . , Ŵ made
up of ϕ̂(±), then

: Q̂(+)R̂(+)Ŝ(−) . . . T̂ (+) := (−1)P Ŝ(−) . . . Q̂(+)R̂(+)T̂ (+) ∼ (â†â† . . . â†)(â . . . â),
(4.70)

where P is the number of permutations (for fermions).

Notation. Contraction

We define the contraction of two fields as

Â(x1)B̂(x2) ≡ ⟨0|T
{
Â(x1)B̂(x2)

}
|0⟩ . (4.71)

Notation

: ÂB̂ĈD̂E, . . . , ĴK̂L̂M . . . : = (−1)P Â K̂ B̂ Ĉ Ê L̂ : DF , . . . , J M , . . . :
(4.72)

where P is the number of permutations (for fermions) needed to reorder the
terms in the left-hand side to match the order in the right-hand side.

Wick’s theorem for two fields

Exercise

Consider the fields Â = Â(+) + Â(−) and B̂ = B̂(+) + B̂(−), where the (+)
and (-) denote the terms proportional to the annihilation and creation
operators, respectively. Prove that

T
{
Â(x1)B̂(x2)

}
= : Â(x1)B̂(x2) : + ⟨0|T

{
Â(x1)B̂(x2)

}
|0⟩

= : Â(x1)B̂(x2) : +Â(x1)B̂(x2) (4.73)

for both bosons and fermions.

For three fields

T
{
Â(x1)B̂(x2)Ĉ(x3)

}
= : Â(x1)B̂(x2)Ĉ(x3) : (4.74)

+Â(x1)B̂(x2)Ĉ(x3) + A B̂ Ĉ + Â B̂ Ĉ.
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Wick’s theorem (general)
all different contractions

T
{
ÂB̂ĈD̂ . . . Ŵ X̂Ŷ Ẑ

}
=: ÂB̂ĈD̂ . . . Ŵ X̂Ŷ Ẑ : (4.75)

+ : ÂB̂ĈD̂ . . . Ŵ X̂Ŷ Ẑ : + . . .+ : ÂB̂ĈD̂ . . . Ŵ X̂Ŷ Ẑ :

+terms with two contractions + · · ·

4.5 Exercises

1. Rewrite the generators of the Lorentz group of the real/complex Klein-
Gordon field obtained in exercise 7 of Sec. 1.3.5 in terms of the creation
and annihilation operators.

2. Determine
Û0(Λ)ϕ̂

(+)(x)Û−10 (Λ)

if
Û0(Λ)â(k)Û

−1
0 (Λ) = â(Λk) .

3. Consider the operator:

K̂i ≡ −i
∫
dk̃â†(k)wk

(
∂

∂ki
â(k)

)
and compute (n̂2 = 1)

eiλn̂·K̂â(q)e−iλn̂·K̂ eiλn̂·K̂â†(q)e−iλn̂·K̂

to order λ. If possible interpret the result.

4. Compute
[ϕ̂3(x), ϕ̂3(y)]

for space-like distances.

5. Number operator in the relativistic theory.
a) Using Eq. (3.33) for a spin-zero particle show that

N̂ = i

∫
R3

ddx

(
ϕ̂(−)(x)

(
∂

∂t
ϕ̂(+)(x)

)
−
(
∂

∂t
ϕ̂(−)(x)

)
ϕ̂(+)(x)

)
b) If we define

N̂V (t) = i

∫
V

ddx

(
ϕ̂(−)(x)

(
∂

∂t
ϕ̂(+)(x)

)
−
(
∂

∂t
ϕ̂(−)(x)

)
ϕ̂(+)(x)

)
compute and interpret [N̂V (t), ϕ̂

(−)(t,x)] and [N̂V (t), N̂V ′(t)].
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6. Charge operator in the relativistic theory.
a) Using Eq. (4.64) show that

Q̂ = −iq
∫
R3

ddx

((
∂

∂t
ϕ̂†(x)

)
ϕ̂(x)−

(
∂

∂t
ϕ̂(x)

)
ϕ̂†(x)

)
b) If we define

Q̂V (t) = −iq
∫
V

ddx

((
∂

∂t
ϕ̂†(x)

)
ϕ̂(x)−

(
∂

∂t
ϕ̂(x)

)
ϕ̂†(x)

)
compute and interpret [Q̂V (t), ϕ̂

†(x, t)], [Q̂V (t), Q̂V ′(t)], and [Q̂V (t), N̂ ] .

7. Consider the operator P̂ ≡ P̂1P̂2 where (ηp = ±1)

P̂1 = exp

[
−iπ

2

∫
dk̃â†(k)â(k)

]
and P̂2 = exp

[
i
π

2
ηp

∫
dk̃â†(k)â(−k)

]
and compute

P̂2, P̂ â(k)P̂†, P̂ â†(k)P̂†, P̂ϕ̂(x)P̂†, P̂P̂P̂†, P̂ĤP̂† .

8. Consider the operator

Ĉ = exp

[
−iπ

2

∫
dk̃
(
â†(k)â(k)− â†(k)b̂(k) + b̂†(k)b̂(k)− b̂†(k)â(k)

)]
and compute

Ĉ2, Ĉâ(k)Ĉ†, Ĉb̂(k)Ĉ†, Ĉâ†(k)Ĉ†, Ĉb̂†(k)Ĉ†,

Ĉϕ̂(x)Ĉ†, ĈP̂Ĉ†, ĈĤĈ† .



Introduction to Quantum Field Theory Materials 81

5 S-matrix (interactions)

As we have already emphasized in this book, QFT is nothing but quantum
mechanics. The description of any physical process is made via the evaluation
of the appropriate matrix element. There are three pictures that are used to
compute them. We recall them and discuss their advantages and disadvantages
for a QFT.

We begin by working in the Schrödinger picture:

� Initial state: |α, t′⟩S
� Final state: |β, t⟩S

We are interested in the following matrix element1

S⟨β, t|Û(t, t′)|α, t′⟩S, Û(t, t′) = e−iĤ(t−t′) , (5.1)

This matrix element describes the evolution of the state |α, t′⟩ with time and
the projection onto the state |β, t⟩. From this we can compute the measurable
quantity:

∣∣∣S⟨β, t|Û(t, t′)|α, t′⟩S∣∣∣2 , (5.2)

which is the transition probability. We are particularly interested in computing
this in the limit

t→ +∞, t′ → −∞ .

We now want to discuss what these quantities look like in the Schrödinger,
Heisenberg and Interaction pictures.

Observations:

� Schrödinger: More intuitive (our starting point and the starting point
in standard quantum mechanics courses). We tend to think of the system
(us and the universe) as a state (or a density matrix) in a Hilbert space.

1The time evolution operator Û(t, t′) should not be confused with the general unitary
representation of the Poincare group Û(Λ, a). On the other hand, it should also be noted that
Û(t, 0) = Û(I,−t).
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� Heisenberg: States do not evolve in time; time evolution is encoded in
the operators. This is more natural for QFTs where time and space are
treated on an equal footing: x = (t,x). This is particularly relevant in
relativistic theories where we want to keep Lorentz invariance explicit.

� Interaction picture: The interaction picture is a mixture between the
Schrödinger and Heisenberg pictures. It corresponds to the Heisenberg
picture if the interaction term is zero.

– Natural in perturbation theory (when there is a small interaction
parameter).

– Also appears when dealing with asymptotic states (as we will see).

We will set all pictures to be equal at a reference time t0 (= 0).

Our Primary Definition of the S-matrix

We define the S-matrix element in the Schrödinger picture as

Sβα ≡ lim
t→ +∞
t′ → −∞

S⟨β, t|Û(t, t′)|α, t′⟩S . (5.3)

Heisenberg Picture

How does Eq. (5.3) look like in the Heisenberg picture? At t = t′ = 0, we have

|α/β, t′ = 0⟩S = |α/β, t′ = 0⟩H = |α/β⟩H . (5.4)

These states are time-independent. They are often called “in” for α and “out”
for β (we discuss why they are called this way later). At different times, the
equalities go as follows:

|α⟩H = Û †(t′, 0) |α, t′⟩S = eiĤt′ |α, t′⟩S ,

|β⟩H = Û †(t, 0) |β, t⟩S = eiĤt |β, t⟩S .

In terms of Heisenberg states, the S-matrix element reads2

Sβα = H⟨β|α⟩H ≡ H⟨β, out|α, in⟩H . (5.5)

2This is the standard definition for S-matrix one can find in [3, 4, 10] for instance. However,
the definition in [7] is different.
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Interaction Picture

In the interaction picture, the Hamiltonian is split into two terms:

Ĥ = Ĥ0 + ĤI where Ĥ0 ∼ â†â, HI ∼ â†ââ†â+ . . . .

We take Ĥ0 to be quadratic in the creation/annihilation operators and ĤI to be
a polynomial of degree greater than or equal to three.

The interaction picture incorporates the time evolution associated with Ĥ0 into
the fields. There is still a left-over time dependence on the states because of ĤI .

We now want to understand how the time evolution in the interaction picture
relates to the time evolution in Schrödinger’s picture. We start with

|ψ(t)⟩I ≡ Û †0(t, t0) |ψ(t)⟩S , (5.6)

where
Û0(t, t0) = e−i(t−t0)Ĥ0 . (5.7)

On the other hand we have that

|ψ(t)⟩S = Û(t, t′) |ψ(t′)⟩S ⇒ |ψ(t)⟩I = Û †0(t, t0)Û(t, t
′) |ψ(t′)⟩S . (5.8)

Rewriting |ψ(t′)⟩S back into the interaction picture

|ψ(t′)⟩S = Û0(t
′, t0) |ψ(t′)⟩I ,

we obtain
|ψ(t)⟩I = Û †0(t, t0)Û(t, t

′)Û0(t
′, t0) |ψ(t′)⟩I .

If we fix t0 = 0

⇒ |ψ(t)⟩I = eitĤ0e−i(t−t
′)Ĥe−it

′Ĥ0 |ψ(t′)⟩I .

This motivates the following definition of the time evolution operator in the
interaction picture:

ÛI(t, t
′) = eitĤ0e−i(t−t

′)Ĥe−it
′Ĥ0 . (5.9)

It satisfies
|ψ(t)⟩I = ÛI(t, t

′) |ψ(t′)⟩I ,
and the S-matrix reads

Sβα = lim
t→ +∞
t′ → −∞

I⟨β, t|ÛI(t, t
′)|α, t′⟩I .
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Asymptotic states vs free states vs the S-matrix

By construction, the three pictures are nothing but rewriting in different ways
the same matrix element:

S⟨ψ(t)|ÔS|ψ(t)⟩S = H⟨ψ|ÔH(t)|ψ⟩H = I⟨ψ(t)|ÔI(t)|ψ(t)⟩I .

The S-matrix elements have been defined in the Schrödinger picture taking the
t → +∞, t′ → −∞ limit, but it looks like we could have connected with the
Schrödinger picture at any time. This links with the following question.

Question: Does the S-matrix element depend on t and t′? It doesn’t seem so
in the Heisenberg picture.

Answer: The answer is no. There is no time dependence. In the way we
define them, the S-matrix elements yield the same result regardless of the values
of t and t′ in the Schrödinger picture.
What is the reason for that? This is due to the meaning we give to |α, t′⟩S. In
other words, how do we interpret/define the label “α”? The point is that these
states are characterized at some fixed reference time. In our case, these reference
times are taken to be

t→ +∞, t′ → −∞ .

that is, the “in” and “out” states. At those times, we take the states to be direct
products of one-particle states, i.e. direct product of

unitary irreducible representations of the Poincaré group.

The states |α, t⟩S , |β, t′⟩S should be interpreted as describing how these direct
products of free particles evolve up to t and t′. The states |α⟩H , |β⟩H in the
Heisenberg picture should then be interpreted as describing how these direct
products of free particles evolve up to t = t′ = 0. This yields the link between
the free particles we have characterized in Chapter 3 and the asymptotic states
we measure in detectors. This will be the key point below to link with the
interaction picture.

To make this consistent, it is necessary that in the t → ±∞ limit, the states
can be characterized by a set of numbers which are time independent. It is here
where the main assumption comes in, which we quantify below.

We first have the following equality

|α, in⟩H = lim
t→−∞

Û †(t, 0) |α, t⟩S = lim
t→−∞

Û †(t, 0)Û0(t, 0) |α, t⟩I .
These equalities hold true for any t.
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Assumption:3

|α, t⟩I → |α⟩ , as t→ −∞ (time-independent)

� We switch off all interactions at t→ ±∞. Therefore, |α⟩ is an eigenstate
of H0. In the interaction picture, any time dependence of the states is due
to the interaction, which vanishes in the t→ ±∞ limit.

� |α⟩ = â†(p1)â
†(p2) · · · â†(pn) |0⟩ , |β⟩ = â†(p′1)â

†(p′2) · · · â†(p′m) |0⟩ .

|α, in⟩ = lim
t→−∞

eitĤ0e−itĤ |α⟩ ; |β, out⟩ = lim
t→∞

eitĤe−itĤ0 |β⟩.

We finally obtain

Sβα = ⟨β|Ŝ|α⟩, where Ŝ = ÛI(∞,−∞) . (5.10)

The asymptotic states are completely characterized by the unitary irreducible
representations of the symmetry group of the theory. What is left now is the
determination of Ŝ. One can first realize that the S-operator is unitary:

Ŝ†Ŝ = ŜŜ† = I Ŝ† = Ŝ−1 . (5.11)

For a complete characterization of Ŝ, it is convenient to write down the time-
evolution differential equation of the S-operator, which we discuss next.

5.1 Time Evolution in the Interaction Picture

Time evolution in the Three Pictures

Schrödinger
The time evolution of the states in the Schrödinger picture goes as follows

i
d

dt
|ψ(t)⟩S = Ĥ |ψ(t)⟩S , (We take Ĥ to be time independent)

⇒ |ψ(t)⟩S = Û(t, t0) |ψ(t0)⟩S , Û(t, t0) = e−iĤ(t−t0) ,

whereas we take the operators to be time independent: ÔS.

Heisenberg

|ψ⟩H ≡ Û †(t, t0) |ψ(t)⟩S ⇒ |ψ⟩H does not depend on t .

3For simplicity, we will always work with a ket/bra notation (⟨/⟩), even for the asymptotic
states. In [3, 4], the states we denote for |α⟩, the (time-independent) asymptotic states, are
written as |α).
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Schrödinger and Heisenberg pictures are equal at t0. We omit the dependence
on t0 below. Then,

ÔH(t) = Û †(t)ÔSÛ(t), i
d

dt
ÔH(t) = [ÔH(t), Ĥ] .

These are the time-evolution equations if there is no explicit time dependence
on OS.

Interaction
The time evolution of the states has been discussed before. For operators, we
have

ÔI(t) = ÛT
0 (t, t0)Ô

SÛ0(t, t0) ,

or, in its differential form,

i
d

dt
ÔI(t) = [ÔI(t), Ĥ0] .

These are the EoM we had for the KG field in Chapter 4.1. Alternatively, they
can also be interpreted as time translations:

eix
0P̂ 0

ϕ̂(0,x)︸ ︷︷ ︸
≡ϕ̂S(x)

e−ix
0P̂ 0

= ϕ̂H(x)= ϕ̂I(x) ,

where the last equality holds for free fields (P̂ 0 = Ĥ0). Note that states and
operators are set to be equal at a fixed time t0 = 0.

We now want to give an explicit expression for the time evolution operator
ÛI(t, t

′). To do this, we compute its derivative

i
d

dt
ÛI(t, t

′) = i
d

dt

[
eitĤ0e−i(t−t

′)Ĥe−it
′Ĥ0

]
.

After applying the chain rule and using commutator identities, we find

i
d

dt
ÛI(t, t

′) = ĤI
I (t)ÛI(t, t

′),

where

ĤI
I (t) = eitĤ0ĤIe

−itĤ0 (interaction Hamiltonian in the interaction picture).

Integral Form. We can write this equation as an integral equation:

ÛI(t, t
′) = I− i

∫ t

t′
dτ ĤI

I (τ)ÛI(τ, t
′) .
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We can now solve this equation iteratively (Dyson series)

ÛI(t, t
′) = I− i

∫ t

t′
dτ ĤI

I (τ) + (−i)2
∫ t

t′
dτ1

∫ τ1

t′
dτ2 Ĥ

I
I (τ1)Ĥ

I
I (τ2) + · · ·

=
∞∑
n=0

(−i)n
∫ t

t′
dτ1

∫ τ1

t′
dτ2 · · ·

∫ τn−1

t′
dτn Ĥ

I
I (τ1) · · · ĤI

I (τn) .

The nested integrals impose the ordering

τ1 > τ2 > · · · > τn ⇒ time-ordering!

Dyson Series and Time-Ordering Notation

We can express the Dyson series using the time-ordering operator T . This
allows us to write

ÛI(t, t
′) =

∞∑
n=0

(−i)n

n!

∫ t

t′
dτ1 · · ·

∫ t

t′
dτn T

{
ĤI

I (τ1) · · · ĤI
I (τn)

}
, (5.12)

which, in compact form, becomes

ÛI(t, t
′) = T exp

(
−i
∫ t

t′
dτ ĤI

I (τ)

)
, (5.13)

where the operation T (an operator acting on the set of operators that act on
the Hilbert space) ensures the product is time-ordered:

T
{
ĤI

I (τ1)Ĥ
I
I (τ2)

}
=

{
ĤI

I (τ1)Ĥ
I
I (τ2), if τ1 > τ2,

ĤI
I (τ2)Ĥ

I
I (τ1), if τ2 > τ1.

Summary: The full evolution of the system in the interaction picture is gov-
erned by

|ψ(t)⟩I = ÛI(t, t
′) |ψ(t′)⟩I , ÛI(t, t

′) = T exp

(
−i
∫ t

t′
dτ ĤI

I (τ)

)
and

Ŝ = T
{
e−i

∫+∞
−∞ dτ ĤI

I (τ)
}
. (5.14)
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If the (interaction) Hamiltonian can be written in terms of an (interaction)
Hamiltonian density:

ĤI
I (t) =

∫
ddx ĤI

I(x), (5.15)

the S-operator can be written as:

Ŝ = T
{
e−i

∫
dDx ĤI

I(x)
}
. (5.16)

5.2 Motivation for Causal (free) Fields

Asymptotic states are naturally characterized as direct products of one-particle
unitary irreducible representations of the Poincaré group. The quantum numbers
of these depend on the momentum. Furthermore, the S-operator is a polynomial
in powers of creation and annihilation operators of these states. Therefore, one
may wonder why we should bother constructing fields in position space. As
emphasized in [4], the key reason is that the momentum dependence of the
unitary representations of the Poincaré transformations in momentum space
makes the construction of Poincaré-invariant interaction terms very complicated.
This problem can be overcome to a large extent by using fields with suitable
transformation properties under Poincaré transformations. This is the main
reason we construct fields in position space.

Let us first recall the transformation properties of one-particle states (see Eq.
(3.15)):

Û0(Λ, a)â
†
σ(p) |0⟩ = ei(Λp)·a

∑
σ′

T
(j)
σ′σ(R(Λ, p))â

†
σ′(Λp) |0⟩ , (5.17)

where Û0(Λ, a) is a unitary representation of the Poincaré group for free particles;
T (j) is a unitary representation of the little group for particles with spin j, and
R(Λ, p) is the Wigner rotation. For massless particles it also has this form but
the unitary representation T is a pure phase.

Regardless of whether we consider massive or massless particles, we can see that
T

(j)
σ′σ depends explicitly on the momentum p. To avoid this problem, we construct

fields in position space, whose transformations under Poincaré transformations
are x-independent and homogeneous:

Û0(Λ, a)Ψ̂
(+)
l (x)Û †0(Λ, a) =

∑
l′

Tl l′(Λ
−1)Ψ̂

(+)
l′ (Λx+ a). (5.18)

These transformation laws formally hold both for massive and massless par-
ticles. We emphasize that now Tl l′ is momentum independent. We do not
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state it explicitly but T will depend on the representation. Moreover, these
representations are typically finite-dimensional. The price to be paid is that
these representations are now non-unitary. Also note that Eq. (5.18) yields the
analogous symmetry transformations to those obtained in quantum mechanics
courses. This is why we have Tl l′(Λ

−1), with Λ−1, the inverse element of the
Lorentz transformation. If we had a vector it would transform in the inverse
way, just as would occur in quantum mechanics if we perform a rotation on a vec-
tor operator such as X̂→ Û(R)X̂Û †(R) = R−1X̂. This should not be confused
with how the argument of the field transforms. For these, the transformation
above is the opposite of the convention we took in Sec. 1.4.3 for scalar fields. If
restricted to rotations, that convention corresponds to the transformations one
would have for a wave function in quantum mechanics: ⟨x|Û(R)|ϕ⟩ = ⟨R−1x|ϕ⟩.

The general expression for these causal fields can be written as

Ψ̂
(+)
l (x) =

∑
σ,n

∫
dp̃ ul(p, σ, n)e

−ipx âσ,n(p), (5.19)

where n stands for internal quantum numbers, in case the particle has any.
Eq. (5.18) gives some constraints on the form of ul(p, σ, n). For the case of
the scalar particle, the solution is trivial, and we have already obtained it in
previous chapters:

ϕ̂(+)(x) =

∫
dk̃ â(k) e−ikx. (5.20)

For a general spin, this problem may have no solution. Indeed, this is what
happens with photons (see [4]). We disregard this problem in this book, and
still define photon fields in position space following Eq. (5.19). These photon
fields, however, will not satisfy Eq. (5.18) (see Chapter 7).

One may wonder why the causal fields should be linear combinations of annihi-
lation (or creation) operators. The answer is that this is not compulsory at all.
More complex dependencies on creation and annihilation operators are indeed
possible. Actually, they could even be useful in particular problems, such as
when dealing with photons, gluons or gravitons. Examples include Wilson lines
and the like, or the metric in the case of gravitons. In any case, these nonlinear
operators can typically be understood as functions of the linear operators con-
sidered in this book. Therefore, we will not study such constructions here and
will stick to the standard linear dependence.
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5.3 How to Implement Lorentz Invariance in the S-Matrix

We demand the S-operator in relativistically invariant QFTs to fulfill the fol-
lowing condition:

Û0(Λ, a) Ŝ Û
†
0(Λ, a) = Ŝ ∀ (Λ, a) . (5.21)

This condition guarantees that the S-matrix is (unitarily) covariant under Poincaré
transformations.

The next point is to determine the conditions that Eq. (5.21) imposes on the
form of the interaction Hamiltonian. Here, we follow the discussion in [4, 3], and
focus on interaction Hamiltonians that can be expressed in terms of a Hamilto-
nian density (see Eq. (5.15)). We now present sufficient conditions on ĤI

I(x) to
ensure that the S-operator is a scalar under Poincaré transformations. They are
two, which we now list.

We demand that ĤI
I(x) transforms as a scalar under Lorentz transformations:

1) Û0(Λ, a)ĤI
I(x)Û

†
0(Λ, a) = ĤI

I(Λx+ a). (5.22)

Then the full integrand transforms as

Û0(Λ, a)

(∫
dDx ĤI

I(x)

)
Û †0(Λ, a) =

∫
dDx ĤI

I(Λx+ a)

Λx+a=x′
=

∫
dDx ĤI

I(x
′) =

∫
dDx ĤI

I(x), (5.23)

since |detΛ| = 1 is the modulus of the Jacobian of a Poincaré transformation.

Condition 1) is not enough. We also need the time ordering to be pre-
served under Lorentz transformations (remember that we restrict ourselves to
proper orthochronous Lorentz transformations). The integrals over space-time
coordinates force us to consider general xµ ∈ R4 vectors. If x2 ≥ 0 (time-like or
light-like vectors), the time ordering is preserved. Nevertheless, this is not so for
space-like vectors (x2 < 0), since Lorentz transformations can change the sign
of x0. This problem is overcome by demanding

2) [ĤI
I(x), ĤI

I(x
′)] = 0 for (x− x′)2 < 0. (5.24)

For theories with scalar particles, this condition is guaranteed if ĤI
I(x) is written

as a polynomial of ϕ̂, or its derivatives, because they fulfill microcausality:

[ϕ̂(x), ϕ̂(x′)] = 0 if (x− x′)2 < 0. (5.25)

This is why we cannot work with ϕ(±)(x) separately.
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Conclusion: The building blocks of interaction terms must be specific linear
combinations of creation and annihilation operators

ĤI ∼
∫
dki . . . a

† a† . . . aa (5.26)

fulfilling conditions 1) and 2).

We have provided sufficient conditions for ensuring Poincaré invariance when
the interaction Hamiltonian is written in terms of a (local) Hamiltonian density.
For theories with only scalar particles this is enough. Nevertheless, there are
more general possibilities. These happen, for instance, if one has massless spin-
one particles. Even though we will consider a relativistic theory of scalars and
massless spin-one particles later, we will not write down explicitly the interaction
Hamiltonian in this case. For a more thorough discussion, we refer the reader
to [4].

5.4 Particles with Internal Quantum Numbers

We define the operator

Q̂ =

∫
dk̃
∑
n

n â†(k, n)â(k, n). (5.27)

This operator counts identical particles weighted by the internal quantum num-
ber n. For example, particles with the same mass but different charge.

For simplicity, we restrict the discussion to only scalar particles.

Exercise: Compute the following commutators

[Q̂, â(k, n)] =

∫
dk̃′
∑
n′

n′[â†(k′, n′)â(k′, n′), â(k, n)]

=

∫
dk̃′
∑
n′

n′[â†(k′, n′), â(k, n)]â(k′, n′) = −n â(k, n),

[Q̂, â†(k, n)] =

∫
dk̃′
∑
n′

n′[â†(k′, n′)â(k′, n′), â†(k, n)]

=

∫
dk̃′
∑
n′

n′â†(k′, n′)[â(k′, n′), â†(k, n)] = +n â†(k, n).

From this, we find

Q̂â†(k, n) |0⟩ = n â†(k, n) |0⟩ . (5.28)
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Causal Fields for n = ±|q|
We now restrict to the particular case in which n can take two values: n = ±|q|.
Then, we can construct four causal fields

ϕ̂
(+)
|q| ≡ ϕ̂(+) ∼ â|q|, ϕ̂

(−)
|q| ≡ ϕ̂(−) ∼ â†|q|,

ϕ̂
(+)
−|q| ≡ ϕ̂

(+)
c ∼ â−|q|, ϕ̂

(−)
−|q| ≡ ϕ̂

(−)
c ∼ â†−|q|.

Microcausality Condition: The interaction term must be a polynomial in
the causal fields of the form

ϕ̂
(+)
A + ϕ̂

(−)
B .

In principle, any combination (A,B) generates a causal field that fulfills the
microcausality condition (5.25). If we do not have any internal quantum number
we end up with the real KG field

ϕ̂ ∼ â+ â† .

Question: What happens for particles with internal quantum numbers ±|q|?

We already have that

[Q̂, ϕ̂
(±)
|q| ] = ∓|q| ϕ̂

(±)
|q| , [Q̂, ϕ̂

(±)
−|q|] = ±|q| ϕ̂

(±)
−|q|.

To fix which particular combination of ϕ̂
(+)
A + ϕ̂

(−)
B appears in the interaction

term, we have to impose an extra condition. We demand that

[Q̂, Ĥ] = 0 . (5.29)

The free Hamiltonian

Ĥ(0) =

∫
dk̃ ωk

∑
σ(if they have spin)

(
â†σ(k, |q|)âσ(k, |q|) + â†σ(k,−|q|)âσ(k,−|q|)

)
,

already satisfies that [Q̂, Ĥ(0)] = 0. Therefore, we have the following condition

[Q̂, ĤI ] = 0 . (5.30)

If we define
ϕ̂ ≡ ϕ̂(+) + ϕ̂(−)

c , (5.31)

this field satisfies the requirement of microcausality and transforms homoge-
neously under Q

[Q̂, ϕ̂] = −|q|ϕ , [Q̂, ϕ̂†] = |q| ϕ̂† ,
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where ϕ̂† = ϕ̂
(+)
c + ϕ̂(−). Therefore, any interaction Hamiltonian of the form

HI ∼ (ϕ̂†)mϕ̂m , (5.32)

for arbitrary power m fulfills the conditions in Eqs. (5.22), (5.24) and (5.30).
Note that properly placed covariant derivatives could also be incorporated.

We can elaborate on this discussion. Suppose we know of the existence of par-
ticles with charge +|q|. This means that we can measure the charge of the
particle (we may think of them interacting with photons). Consequently, it is
an interacting theory. The only way to have an interacting relativistic theory
is that there are particles with the same mass and opposite charge, = −|q|,
which we refer to as their antiparticles.4 The Hamiltonian/Lagrangian, or S-

operator of these theories is naturally expressed in terms of ϕ̂ ≡ ϕ̂(+) + ϕ̂
(−)
c and

ϕ̂† = ϕ̂
(+)
c + ϕ̂(−). For the S-operator, these fields are computed in the interaction

picture. These are nothing but the fields computed using the complex KG free
Lagrangian studied in Sec. 4.3 using the assignments

â(k) −→ â(k,+|q|), b̂(k) −→ â(k,−|q|). (5.33)

This interacting theory possesses a global U(1) symmetry. It is interesting to
emphasize that this theory can also be formulated in terms of real scalar fields.
This could be obvious, as any complex field can be written as a combination of
two real fields: ϕ = 1√

2
(ϕ1+ iϕ2) but then the interpretation is that we have two

scalar particles with the same mass and the interacting theory has an SO(2)
symmetry.5 The theory in terms of these fields is naturally organized in terms

of vectors

(
ϕ1

ϕ2

)
, and the interaction terms take the form ((ϕ1, ϕ2)

(
ϕ1

ϕ2

)
)m.

5.5 Cross Section

We have already provided the general expression for the S-matrix (in the fol-
lowing chapters we will perform perturbative computations of it). The final
remaining step is to relate the S-matrix to observables. We do so in this section,
which partially follows the derivation in [7].

4If q = 0 we say that particle and antiparticle are the same particle. This is described with
a real KG field.

5Actually, for the case at hand, the symmetry is O(2) = C ×SO(2), where C is the charge
conjugation operator.
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Initial state

As we have already mentioned, the eigenstates of momenta are physical ideal-
izations. A more realistic two-particle state would have the following form:

|i⟩ =
∫
dp̃1 dp̃2 f1(p1) f2(p2) |p1,p2⟩ . (5.34)

� For simplicity, we take two spin-zero particles with different masses.

� Wave packets f1, f2 are heavily weighted around P1,P2.

p1P1

f1(p1)

� Up to now, we have been working with creation/annihilation operators in
momentum space. Let’s start thinking how things look in position space
by using the real KG field ϕ(x).

� Case of a single particle (wave function)

We single out one of the particles of the |i⟩ state

|ψ⟩ ≡
∫
dp̃f(p) |p⟩ (5.35)

and compute

ψ(x) = ⟨0| ϕ̂(x) |ψ⟩ = ⟨0| ϕ̂(x)
∫
dp̃f(p) |p⟩

=

∫
dp̃f(p) ⟨0| ϕ̂(x)â†(p) |0⟩ =

∫
dp̃f(p) e−ip·x. (5.36)

� We next see how this relates to ⟨ψ| N̂ |ψ⟩, i.e. to the matrix elements of
the number operator.

Number operator

The (average) number of particles (of type i) is given by the expectation value
of the number operator

N = ⟨ψ| N̂i |ψ⟩ =
∫
dp̃ dp̃′ f ∗(p′)f(p) ⟨p′| N̂i |p⟩ . (5.37)

For each particle, we have

⟨p′| N̂i |p⟩ = 2ωp(2π)
dδ(d)(p− p′). (5.38)
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So,

N =

∫
dp̃ |f(p)|2 = i

∫
ddxψ∗

↔
∂ tψ

= i

∫
ddx

∫
dp̃

∫
dp̃′f ∗(p)f(p′)

(
e−ipx(∂te

−ip′x)− (∂te
ipx)e−ipx

)
= i

∫
ddx

∫
dp̃

∫
dp̃′f ∗(p)f(p′)(−i)(ωp′ + ωp)e

i(p−p′)x.

The wave function is conveniently written as

ψ(x) = e−ip·xF (x), with F (x) almost constant in the region of interaction.
(5.39)

x

F (x)

We then get
|ψ(x)|2 = ψ∗(x)ψ(x) = |F (x)|2, (5.40)

and the number density becomes

ρ(x) = iψ∗(x)
↔
∂ 0ψ = 2ωp|ψ|2 +O(F ′), (5.41)

where |ψ|2 is basically constant in the region of interaction and F ′ is small.

We can also define

n =
N

V
, (5.42)

as the number of particles per unit volume. Since ρ(x) is approximately constant
in the interaction region, we have that n ≈ ρ(x), and n represents the density
of states per unit volume.

In the Lab frame, if we take E = m, we get (we reintroduce index 1 for the
incoming particle)

ρrest = 2m1|ψ1(x)|2, (5.43)

and the flux of incident particles reads

Φ = |v|ρ =
(
|p2|
E2

)
2m2|ψ2(x)|2 = 2|p2||ψ2(x)|2. (5.44)

The discussion can also be extended to other spins (see [7]).
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Computation of the transition probability i→ f

We define the probability density as

Wf←i ≡ |⟨f, out|i, in⟩|2 . (5.45)

Recall that
⟨f, out|i, in⟩ = ⟨f |Ŝ|i⟩, (5.46)

where |i⟩ has been defined in Eq. (5.34) and |f⟩ = |q1 . . .qN⟩.

We distinguish between the non-interacting part (I) and the purely interacting
term (iT̂ )

Ŝ = I+ iT̂ . (5.47)

We take |f⟩ ̸= |i⟩, since in realistic experiments forward scattering is not mea-
sured. Then, the identity part I gives no contribution.

Due to translational invariance

⟨f |T̂ |p1,p2⟩ = (2π)Dδ(D)(Pf − p1 − p2)⟨f |M|p1,p2⟩ . (5.48)

Thus, we have

Wf←i =

∫
dp̃1 dp̃2 dp̃

′
1 dp̃

′
2 f
∗
1 (p1)f

∗
2 (p2)f1(p

′
1)f2(p

′
2)

(2π)Dδ(D)(Pf − p1 − p2) (2π)Dδ(D)(p′1 − p′2 − Pf ) (5.49)

⟨f |M|p1,p2⟩∗⟨f |M|p′1,p′2⟩ ,
where

(2π)Dδ(D)(p1 + p2 − p′1 − p′2) =
∫
dDx ei(p1+p2−p′1−p′2)·x. (5.50)

Then,

Wf←i =

∫
dDx dp̃1 dp̃2 dp̃

′
1 dp̃

′
2 f
∗
1 (p1)f

∗
2 (p2)f1(p

′
1)f2(p

′
2) (5.51)

×⟨f |M|p1,p2⟩∗⟨f |M|p′1,p′2⟩e−ip
′
1·xe−ip

′
2·xeip1·xeip2·x

×(2π)Dδ(D)(Pf − p1 − p2) .

Note that f1(p1) is collimated around P1, so we can work as if

f1(p1) ∼ δ(p1 −P1) , (5.52)

and use Eq. (5.36). Thus,

Wf←i ≃
∫
dDx |ψ1(x)|2|ψ2(x)|2 (2π)Dδ(D) (Pf − P1 − P2) |⟨f |M|P1,P2⟩|2 .

(5.53)
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Luminosity Density

We define the luminosity as

L =

∫
dDx |ψ1(x)|2|ψ2(x)|2,

and the luminosity density as

L = |ψ1(x)|2|ψ2(x)|2.

This quantity is specific to the experimental setup. Instead, we would prefer
to work with quantities that are independent of the particular characteristics of
the experiment being used. We discuss this in what follows.

Probability

The probability that the initial state i goes to a bunch of final states f for a
portion ∆f of the phase space of each f channel reads

P∆ =
∑
f

∫
∆f

dQWf←i, (5.54)

where |f⟩ = |q1 . . .qn⟩,
∑
f

is the sum over a partial set of channels, and dQ =

n∏
i=1

dq̃i refers to the integration measure over the three-momenta of the final state

particles.

We can then define the differential probability for a given channel as

dP = dQWf←i . (5.55)

The fact that |ψ1(x)|2|ψ2(x)|2 is approximately x-independent in the interaction
region, naturally leads us to define the density probability per space-time volume
unit:

dP

dV dt
≡ [ρtarget] [flux factor] dσ , (5.56)

where (⟨f |M|i⟩ = ⟨q1 . . . qN |M|P1,P2⟩)

dσ = (2π)Dδ(D)(Pf − P1 − P2)
|⟨f |M|i⟩|2

4m1|P2|
dQ. (5.57)

This separates the experimental setup from machine-independent quantities.
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The above derivation has been done in the Lab frame. This information is
encoded in the factor 4m1|P2|. We can write this factor in an explicit Lorentz
invariant way by using the following equality (s = (P1 + P2)

2):

4m1|P2| = 4m1

√
E2

2 −m2
2 = 4

√
(P1 · P2)2 −m2

1m
2
2 = 2

√
λ(s,m2

1,m
2
2) . (5.58)

The last equality is explicitly Lorentz invariant, and can be written in terms of
the Källén function:

λ(x, y, z) = x2 + y2 + z2 − 2xy − 2xz − 2yz. (5.59)

In the center-of-mass frame, it simplifies to

4
√
E4 −m4 ≃ s→

√
s≫

√
m2 (high energies). (5.60)

The differential cross section is defined in a general reference frame as

dσ =
1

2λ1/2(s,m2
1,m

2
2)
(2π)D δ(D)(Pf − P1 − P2) |⟨f |M|i⟩|2dQ . (5.61)

The total cross section reads

σ =
(2π)D

2λ1/2(s,m2
1,m

2
2)

1

n!

–––∑
pol(1,2)

∑
pol(f)

∫
dQ δ(D)(Pf − P1 − P2) |⟨f |M|i⟩|2 .

(5.62)

Here, the notation
–––∑

pol(1,2)

represents the average sum (via the density matrix)

over the polarizations of the initial 1 and 2 particles. This averaging is necessary
when the preparation of the initial state is incomplete—that is, when only the
momenta are specified, but not the spin of the states. dQ = dq̃1dq̃2 . . . repre-
sents the Lorentz-invariant phase space integration measure of the final-state
momenta. The factor 1

n!
is included in order to avoid double counting should we

have n identical particles in the final state. If there are multiple sets of identical
particles, a separate factor should be introduced for each set, such as 1

n1!
, 1

n2!
,

and so on.

The expressions above depend on the normalization used for the incoming par-
ticles. The present derivation has used Eq. (3.29), the normalization for bosons.
For fermions the normalization is different. The resulting expressions in this
case can be found in Appendix A.3 of [7].
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5.5.1 Decay Width (rest frame)

The derivation is equal to the cross section but the initial state only has one
particle.

� |i⟩ =
∫
dp̃a f(pa)|pa⟩

P∆ =
∑
f

∫
∆

dQWf←i, dP = dQWf←i (5.63)

dP

dx
= |ψ(x)|2(2π)Dδ(D)(Pf − Pa) |⟨f |M|Pa⟩|2 dQ

= 2ma|ψ(x)|2(2π)Dδ(D)(Pf − Pa) |⟨f |M|Pa⟩|2 dQ
1

2ma

= ρ dΓ, (5.64)

where ρ = 2ma|ψ(x)|2 and

dΓ = (2π)Dδ(D)(Pf − Pa) |⟨f |M|Pa⟩|2 dQ
1

2ma

. (5.65)

The decay width for a particular channel reads

Γ(a→ n) =
(2π)D

2ma

–––∑
pol a

∑
pol f

∫ n∏
i=1

dq̃i δ
(D)

(
Pa −

n∑
i=1

qi

)
|⟨f |M|i⟩|2 1

m!
,

(5.66)

where
––∑

pol a

is the average over polarizations of the initial particles. It has to be

introduced if we do not know its initial polarization.
∑
pol f

corresponds to the

sum of the polarizations of the final states. It has to be included if we do not
measure the polarizations of the final states, or if we measure them and sum over
all possible states with different polarizations. As in Eq. (5.62), we have to add
1
m!

factors to the total decay width for each set of m identical particles we have
in the final state (note that the total number of final particles could be different
to the number of final identical particles, or that we could have different subsets
of identical particles).

The total decay width is the sum of the decay widths of all possible channels.

Γ(a→ all) =
∑

channels

Γ(a→ n). (5.67)

Finally, branching ratios are defined as

B(a→ n) =
Γ(a→ n)

Γ(a→ all)
. (5.68)
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5.5.2 Phase Space Integrals

When considering cross sections or decays, we will have to compute integrals over
the phase space of the particles of the final state. In this book, we will typically
consider two-particle final states. We will always assume that we have azimuthal
symmetry. For the cross-section, we will have the following configuration (p1 and
p2 are incoming, and p3 and p4 outgoing):

p1

p2

θ

p3

p4

Figure 5.1: Symbolic representation of a 1+2 → 3+4 scattering.

where the lines could represent equal or different particles. Generally, the matrix
element square will depend on θ only. If the matrix element square is indepen-
dent of the angle of emission, the phase space integral factors out, and merely
corresponds to performing the following integral:

Exercise

Compute the following integral (p2i ≡ m2
i > 0):

I1 =

∫
ddp2

(2π)d2E2

ddp3

(2π)d2E3

δ(D)(p1 − p2 − p3) .

Hint: The integral is invariant under orthochronous Lorentz transforma-
tions.

This integral is considered in Sec. 6.1.1, where we consider the scattering of two
mesons at tree level in what we name a λϕ4 theory.

I1 is also the integral that appears in Eq. (5.66) for the decay into two particles
if the initial state spin does not have a privileged direction, either because it is
a scalar or because we average over the polarizations of the initial particle.

If the matrix element square depends on θ, we cannot use I1, but we can still
partially perform the integration over the phase space. One then obtains the
differential cross section over the differential solid angle, which one traditionally
writes as

dσ

dΩ
. (5.69)

Examples of these computations in the center-of-mass frame and in the Lab
frame can be found in Secs. 6.2.1 and 10.2.1 respectively.
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To avoid the frame dependence of these results, one may also consider writing
the differential cross section in terms of t = (p1 − p3)2, rather than in terms of
θ. The result would then be explicitly Lorentz invariant. The differential cross
sections in terms of t can be written in the following way:

dσ

dt
=

(2π)D

2λ1/2(s,m2
1,m

2
2)

–––∑
pol(1,2)

∑
pol(f)

∫
dp̃3 dp̃4δ

(D)(p3 + p4 − p1 − p2)

×δ(t− (p1 − p3)2) |⟨f |M|i⟩|2 ,

(5.70)

and the total cross section would read (up to a symmetrization factor for equal
final particles)

σ =

∫
dt
dσ

dt
. (5.71)

The integral over the phase space can actually be performed by using the fact
that

Exercise

I2 =

∫
ddp3

(2π)d2E3

ddp4

(2π)d2E4

δ4(p1 + p2 − p3 − p4)δ(t− (p1 − p3)2)

=
π

2(2π)d
1

λ1/2(s,m2
1,m

2
2)
. (5.72)

This allows us to write Eq. (5.70) in a more compact way:

dσ

dt
=

1

16π

1

λ(s,m2
1,m

2
2)

–––∑
pol(1,2)

∑
pol(f)

|⟨f |M|i⟩|2 . (5.73)
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6 Interaction (examples): λϕ4 and λϕ3

1 We consider an interacting theory between scalar particles (one may think of
these scalars as Higgs bosons or some hadronic mesons). We have

L = L0 + LI ,

with

L0 =
1

2
(∂ϕ)2 − 1

2
m2ϕ2, LI = F (ϕ). (6.1)

We restrict ourselves to the case where LI is a purely self-interacting term and
contains no time derivatives. Therefore, if the theory is Poincaré invariant,
the interaction must be a pure function of ϕ (typically a polynomial). In this
situation, we can easily go to the Hamiltonian formalism. The reason is that
the canonical conjugate π of the interacting theory is the same as the free field
case:

π =
∂L
∂ϕ̇

=
∂L0

∂ϕ̇
= π0 . (6.2)

This basically makes the relation between the interaction Hamiltonian term and
the interaction Lagrangian term trivial:

H = πϕ̇− L0 − LI = H0 − LI ⇒ HI = −LI , (6.3)

so the S-matrix operator reads

S = T
{
ei

∫
d4xLII(x)

}
, where LI

I(x) = F (ϕI(x)). (6.4)

As we mentioned in the previous chapter, ϕI(x) = eiH0x0
ϕ(x)e−iH0x0

are nothing
but the free fields we obtained in previous chapters for the real KG field:

ϕI(x) =

∫
dk̃
(
e−ik·xa(k) + eik·xa†(k)

)
. (6.5)

The Lagrangian density LI(ϕI) has all possible combinations of â and â†. We
want to calculate ⟨β|S|α⟩ where |α⟩ = a†a† . . . |0⟩ and ⟨β| = ⟨0| aa... . Therefore,
a generic contribution to the S-matrix would have the following structure:

⟨0|(aa · · · a) [aa† · · · aaa†] (a†a† · · · a†)|0⟩ . (6.6)

1For simplicity, we omit introducing the ̂ notation for the operators in this chapter, and
also explicitly set D = 4 in the rest of the book.
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The point is to look for non-zero contributions to the S-matrix and to have an
efficient way to compute them. In this respect the following result is important:

Exercise

Prove that

⟨0| aa · · · a︸ ︷︷ ︸
m

a† · · · a†︸ ︷︷ ︸
n

= 0 m < n ; (6.7)

aa · · · a︸ ︷︷ ︸
m

a† · · · a†︸ ︷︷ ︸
n

|0⟩ = 0 m > n ; (6.8)

⟨0| aa · · · a︸ ︷︷ ︸
m

a† · · · a†︸ ︷︷ ︸
n

|0⟩ = 0 if m ̸= n . (6.9)

Therefore, it turns out to be convenient to write the interaction terms in a
normal ordering way: ∼ (a† · · · a†)(a · · · a). This is what Wick’s theorem does
(see Sec. 4.4). It relates T-ordered operators with normal-ordered operators
(plus contractions).

6.1 Meson-meson Scattering (λϕ4)

We now consider a particular interaction term:

LI = −
λ

4!
ϕ4, HI =

λ

4!
ϕ4, HI

I =
λ

4!
ϕ4
I , (6.10)

ϕI is given by Eq. (6.5), the KG free field (we will omit the I index in the
following).

We aim to compute the elastic meson-meson scattering at tree level. The initial
and final states read

|i⟩ = a†(p1)a
†(p2)|0⟩, |f⟩ = a†(p3)a

†(p4)|0⟩, (6.11)

with p3,p4 ̸= p1,p2 (we assume there is interaction). The S-matrix reads

Sf←i = ⟨f |T{e−i
λ
4!

∫
d4xϕ4(x)}|i⟩ = ⟨f |i⟩ − i λ

4!
⟨f |
∫
d4xϕ4(x)|i⟩+O(λ2)

≃ −i λ
4!
⟨f |
∫
d4x(ϕ(+) + ϕ(−))(ϕ(+) + ϕ(−))(ϕ(+) + ϕ(−))(ϕ(+) + ϕ(−))|i⟩.

(6.12)

We will use this computation as a first template to illustrate how a diagrammatic
representation of the computation can emerge.
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Feynman Rules in Position Space (ϕ4 Theory)

1. Fundamental Diagram Components
� Interaction Vertex: The interaction term ϕ4(x) in the Lagrangian
corresponds to a vertex where four lines meet. Symbolically, we draw
it as below. Nevertheless, the Feynman rule corresponds only to the
dot. We put the lines for convenience, to indicate how many lines it
has to be contracted with.

LI = − λ
4!
ϕ4(x) ⇒

x

� Propagator: The contraction of two fields, ⟨0|T{ϕ(x)ϕ(y)}|0⟩, cor-
responds to an internal line (the Feynman propagator i∆F (x − y))
connecting two vertices, x and y.

⟨0|T{ϕ(x)ϕ(y)}|0⟩ =
x y

� External particles: An external incoming particle will be repre-
sented in the following way

k

and, similarly, for an external outgoing particle:

k

2. Scattering Diagram. A S-matrix ⟨f |S|i⟩ is given by the sum of
Feynman diagrams. Each one of them is represented by connecting ver-
tices, propagators and external particles. The latter are fixed for a given
physical process (initial state |i⟩ and final state ⟨f |).
Important Note (“No dots alone!”): The dot of the vertex has four
“legs”, one for each ϕ field of the ϕ4(x) vertex. Each field looks for some-
thing to contract with. The contraction can be either with the asymptotic
states or with other fields of the interaction terms. In both cases legs are
generated. In the latter case, these legs become propagators, in the former
case external legs.
A diagram is connected if all its parts are joined. The relevant contri-
butions to the S-matrix come from connected diagrams (recall that the
initial and final states are different).

We now proceed to compute Eq. (6.12). Since we are working to O(λ), all fields
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are located at the same point in space-time and we cannot (naively) apply Wick’s
theorem. Still, it is possible to organize the computation in terms of normal-
ordered contributions plus/times propagators. The qualification in this case
is that the propagators are computed at zero distance. One might wonder how
Feynman propagators may show up, since there is no time-ordered computation.
The reason behind lies in the following exercise:

Exercise

Show that

lim
x→0

ϕ(x)ϕ(0) = lim
x→0
⟨0|T{ϕ(x)ϕ(0)}|0⟩ (6.13)

= [ϕ(+)(0), ϕ(−)(0)] =

∫
R4

d4k
i

k2 −m2 + iη
=∞.

As follows from this exercise, this quantity is infinite. This is a problem. Nev-
ertheless, let us see if this is a problem we have to address in this book.

The commutators appear in the computation when trying to get a normal-
ordered expression. Then, using the result of the previous exercise, one can
relate these commutators at zero distance with Feynman propagators at zero

distance. The diagrammatic interpretation of lim
x→0

ϕ(x)ϕ(0) is a propagator where

the initial and final points are located at the same point. This is represented by
a closed loop. Pictorially, what we have is the following:

x 0

→

x = 0

These objects appear wherever we have contractions within the vertex. We have

two possibilities at O(λ). One is to have two contractions from terms like ϕϕϕϕ.
This generates a constant term in the interaction Hamiltonian: δHI ∼ c-number
(infinite). The contribution to the matrix element would be number × ⟨f |i⟩.
This is zero when the final state is different from the initial one. The number
is, however, infinite. This is a problem. The actual solution to this problem
goes beyond the scope of this book. Nevertheless, we briefly outline the idea.
The procedure is to first regularize the theory, making the number finite but
dependent on a parameter that diverges as it approaches its physical value. On
the other hand, ⟨f |i⟩ remains exactly zero. Diagrammatically, the contribution
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to the S-matrix would be something like

x

Leaving aside the external legs, this is an example of a vacuum diagram.

Terms with a single contraction will not contribute to the S-matrix either. They
generate a correction to the interaction Hamiltonian that has the following form:
δHI ∼ number × (a†a†+aa+aa†+a†a). The first two terms directly give directly
zero because of Eq. (6.9). The other two generate corrections that, pictorially,
can be drawn in the following form:

x

which is zero if the final state is different from the initial state.

We now consider the contraction of the four fields of the interaction vertex with
the external particles. The following connected diagram is the only possibility.
The entire interaction occurs at a single point.

p1

p2

p3

p4

p1

p2

p3

p4

We have to consider all possible (non-vanishing) contractions. We need to have
an equal number of ϕ(+) and ϕ(−) (in our case, two of each). Therefore,

Sf←i = −i
λ

4!

(
4

2

)
⟨f |
∫
d4x : ϕ(−)(x)ϕ(−)(x)ϕ(+)(x)ϕ(+)(x) : |i⟩ , (6.14)
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where we have already placed them in the convenient order. This generates a
factor

(
4
2

)
= 4!/(2!2!) = 6 that comes from combinatorics. In terms of creation

and annihilation operators, we have

Sf←i = −iλ
4
⟨0|a(p3)a(p4) (6.15)(∫
d4x

∫
dk̃1a

†(k1)e
ik1x

∫
dk̃2· · ·

∫
dk̃3a(k3)e

−ik3x
∫
dk̃4 . . .

)
a†(p1)a

†(p2)|0⟩ .

We then need to compute objects such as the following:

⟨0|a(p3)a(p4)a
†(k1)a

†(k2)a(k3)a(k4)a
†(p1)a

†(p2)|0⟩ . (6.16)

This is done by moving the annihilation operators of the interaction term to
the right and the creation to the left, until both reach the vacuum where they
vanish. In the process, we use the commutation relations. For example:

a(k4)a
†(p1) = a†(p1)a(k4) + (2π)32ωp1δ

(3)(k4 − p1). (6.17)

After commuting all annihilation operators to the right until they hit |0⟩, the
only non-vanishing terms are those where every a is contracted with an a†. There
are 2 ways to contract the two ϕ(+) with the initial state particles and two ways
to contract ϕ(−) with the final state particles. For the initial state particles, the
two combinations would read

a(k3)a(k4)a
†(p1)â

†(p2)|0⟩ → (2π)32ωp1δ
(3)(k4 − p1)(2π)

32ωp2δ
(3)(k3 − p2)|0⟩ ,

a(k3)a(k4)a
†(p1)â

†(p2)|0⟩ → (2π)32ωp1δ
(3)(k3 − p1)(2π)

32ωp2δ
(3)(k4 − p2)|0⟩ .

(6.18)

After integration over k3 and k4, both terms give the same contribution. For
example, ∫

ddk3

(2π)32ωk3

e−ik3x(2π)32ωk3δ
(3)(p2 − k3) = e−ip2x. (6.19)

This is general. For incoming particles, we get e−ipix, and for outgoing particles,
we get e+ipfx. The final result is thus

Sf←i = −iλ
4
· 2 · 2

∫
d4x(eip3xeip4xe−ip1xe−ip2x)

= (−iλ)(2π)4δ(4)(p3 + p4 − p1 − p2) , (6.20)

and,
⟨f |T |i⟩ = (2π)4δ(4)(Σp)⟨f |M|i⟩. (6.21)
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Then,

⟨f |M|i⟩ = −λ. (6.22)

The above discussion applies to the elastic meson-meson scattering. However,
one of the beauties of QFTs applied to relativistic systems is that the same
interaction vertex relates different processes (different particle content in the
initial and final states). At O(λ), and within the context of this theory, the
range of possibilities is quite limited. Still, we would like to emphasize that the
same vertex can generate diagrams such as

p1
p2

p3

p4

or

p1

p2

p3

p4

The first example is one scalar decaying into (the same type of) three scalars.
The second is the generation of four scalars out of the vacuum. Both examples
yield zero due to energy-momentum conservation.2 Note though, that this would
not necessarily be so if we are in a medium at finite density or temperature.
There, the medium can supply the necessary energy to produce these particles
out of the vacuum. Nevertheless, we will not study those situations in this book.

6.1.1 Cross-section for Meson-meson Scattering

Now, let us compute the (differential) cross-section:∫
∆

dσ =
1

4
√

(p1p2)2 −m2
1m

2
2

(6.23)

×
∫
∆

dp̃3dp̃4|⟨p3, p4|M|p1, p2⟩|2(2π)4δ(4)(p1 + p2 − p3 − p4).

2The first example could yield a non-zero result if the interaction term were of the form
ϕ1ϕ

3
2 and m1 > 3m2.
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In our case m1 = m2 = m. ∆ stands for a fraction of the phase space such that
there is no overlap in the phase space of p3 and p4.

In the distant past, we have two free particles with momenta p1 and p2, and in
the distant future, two free particles with momenta p3 and p4. We represented
this situation in Fig. 5.1. Here, there is a potential problem of interpretation:
It is not possible to distinguish between particles 3 and 4. We only know that
one particle comes out with an angle θ, and the other comes out in the opposite
direction with opposite momentum in the center-of-mass frame. Therefore, what
we really measure is the integral∫

dp̃3

∫
dp̃4 →

∫
∆3

dp̃3

∫
∆4

dp̃4 +

∫
∆4

dp̃3

∫
∆3

dp̃4. (6.24)

As a result, we have to put a symmetry factor 1/2. Alternatively, we can perform
the computation without introducing any symmetry factor, but then we must be
careful with the phase space integral to avoid double counting. In other words,
we cannot integrate over the whole phase space. This boils down to the fact
that |p3, p4⟩ and |p4, p3⟩ are the same state and we sum over both of them when
we integrate over the whole space, producing a double counting.

Let us now compute the phase space integral. The matrix element has spherical
symmetry. This will help us to calculate the integral. We calculate it in the
center-of-mass frame (we can do it in any frame because the integral is Lorentz
invariant).∫

dp̃4(2π)
4δ(4)(p1 + p2 − p3 − p4) = (2π)δ((p1 + p2 − p3)2 −m2)θ(p01 + p02 − p03).

(6.25)
In the center-of-mass frame, p1 = (E,p), p2 = (E,−p). The prefactor in Eq.
(6.23) then simplifies to

(p1p2)
2 −m4 = (E2 + p2)2 −m4 = (2E2 −m2)2 −m4 = 4E4 − 4E2m2

= 4E2(E2 −m2) = 4E2|p|2. (6.26)

Therefore,

dσ =
1

8E|p|

∫
d3p3
(2π)3

1

2ω3

(2π)λ2δ((p1 + p2 − p3)2 −m2)θ(p01 + p02 − p03). (6.27)

But p01 + p02 − p03 = 2E − ω3 > 0 since p01 + p02 = p03 + p04 > p03. By writing the p3

integral in spherical coordinates, we have

d3p3
ω3

=
|p3|2d|p3|

ω3

dΩ3 = |p3|dω3dΩ3, since dω3 = d(
√
m2 + |p3|2) =

|p3|
ω3

d|p3|.
(6.28)
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Additionally,

δ((p1+p2−p3)2−m2) = δ((2E−ω3)
2−p2

3−m2) = δ(4E2−4Eω3) =
1

4E
δ(E−ω3).

(6.29)
Then,

dσ =
λ2

(2π)28E|p|4E

∫
|p3|dω3dΩ3

2
δ(E − ω3) =

λ2

64(2π)2E2
dΩ3. (6.30)

So,
dσ

dΩ
=

λ2

64π2s
, (6.31)

where s = (p1 + p2)
2 is the Mandelstam variable, and Ω is the angle of any of

the final particles. The integration over the solid angle can be done in two ways.
We can integrate over the whole solid angle and introduce the symmetry factor
1/2. Then, the total cross section reads

σ =
λ2

64π2s

4π

2
=

λ2

32πs
. (6.32)

The other option is to integrate only over the range 2π
∫ 1

0
d(cos(θ)). Obviously,

one obtains the same result. Yet, this highlights that obtaining the correct phase
space region to integrate over – so as to avoid double counting – becomes increas-
ingly more complicated when dealing with more than two final-state particles.

6.2 Meson-meson Scattering (λϕ3)

This discussion runs parallel to the one of the previous section with the qualifi-
cation that now

LI = −
λ

3!
ϕ3. (6.33)

Again, we want to calculate Sf←i = ⟨f |T{ei
∫
d4xLII(x)}|i⟩, where

|i⟩ = â†(p1)â
†(p2)|0⟩ and |f⟩ = â†(p3)â

†(p4)|0⟩.

The basic vertex is a 3-point vertex:

x

Unlike in the previous section, to O(λ), we obtain zero.

⟨f | :
∫
d4xLI

I(x) : |i⟩ = 0 (6.34)
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This is because we do not have the same number of a and a† inside the bracket
once it is written in the form ⟨0| . . . |0⟩. We need to go to O(λ2).

Sf←i ∼ ⟨f |T

{
(−i)2

2!

(
λ

3!

)2 ∫
d4xϕ3(x)

∫
d4yϕ3(y)

}
|i⟩. (6.35)

We have to compute T{ϕ(x)ϕ(x)ϕ(x)ϕ(y)ϕ(y)ϕ(y)}, and its sandwich with the
initial and final states. We organize the computation by the number of internal
contractions between the vertices:

� The term with three contractions corresponds to vacuum diagrams, which
do not contribute, as we saw for λϕ4. Examples of vacuum diagrams are

The left-hand diagram corresponds to the case where contractions take
place in the same interaction vertex. The right-hand diagram would cor-
respond to a contraction with the following structure:

ϕ(x)ϕ(x)ϕ(x)ϕ(y)ϕ(y)ϕ(y).

� The term with two contractions, like ϕ(x)ϕ(x)ϕ(x)ϕ(y)ϕ(y)ϕ(y), also gives
zero because it leads to terms like number × ⟨f |(ââ+ â†â† + . . . )|i⟩ = 0.

� The term with zero contractions does not contribute either, as the number
of creation and annihilation operators does not match once the expression
is written in a normal-ordered form.

� The term with one contraction between two fields of the two different

vertices, e.g., ϕ(x)ϕ(x)ϕ(x)ϕ(y)ϕ(y)ϕ(y):

is the only one that will yield a non-zero contribution. We now discuss
this contribution in depth.

The S-matrix element at tree level (first non-zero order) is given by connecting
the two vertices with one propagator and the remaining four fields to the external



112 Materials Antonio Pineda

legs:

S ≈ − 1

2!

(
λ

3!

)2

· 9
∫
d4xd4y⟨p′2, p′1| : ϕ(x)ϕ(x)ϕ(x)ϕ(y)ϕ(y)ϕ(y) : |p1, p2⟩

= − 1

2!

(
λ

3!

)2

· 9
∫
d4xd4y ×⟨p′2, p′1| : ϕ(x)ϕ(x)ϕ(x)ϕ(y)ϕ(y)ϕ(y) : |p1, p2⟩ · (2 · 4)

+⟨p′2, p′1| : ϕ(x)ϕ(x)ϕ(x)ϕ(y)ϕ(y)ϕ(y) : |p1, p2⟩ · (2 · 4)

+⟨p′2, p′1| : ϕ(x)ϕ(x)ϕ(x)ϕ(y)ϕ(y)ϕ(y) : |p1, p2⟩ · (2 · 4)

 , (6.36)

where the factor 9 comes from the 3× 3 possible ways of contracting ϕ(x) with
ϕ(y). The factor 2 comes from x↔ y symmetry and the 4 from the possible ways
to contract the fields with the external state (2(incoming) × 2(outgoing) = 4).

Recall now that ϕ(x)|p1⟩ = e−ixp1|0⟩. So we get:

S ≈ (−iλ)2
∫
d4xd4y

∫
d4k

(2π)4
ie−ik(x−y)

k2 −m2 + iη

×
(
e−iy(p1+p2)eix(p

′
1+p′2) + e−iy(p1−p

′
1)eix(p

′
2−p2) + e−iy(p1−p

′
2)eix(p

′
1−p2)

)
.

We set x = y + x′ so that

−iλ2
∫
d4x d4y

∫
d4k

(2π)4
ie−ik·x

′

k2 −m2 + iη

(
e−iy·(pa+p2−p′1−p′2)eix

′·(p1+p2)

+e−iy·(p1−p
′
1+p′2−p2)eix

′·(p1−p2) + e−iy·(p1−p
′
1+p2−p′2)eix

′·(p1−p′2)
)
,

and use∫
d4x′ e−ik·x

′
eix

′·(p1+p2) = (2π)4δ(4)(p1 + p2 − k)=̇(2π)4δ(4)(p′1 + p′2 − k),∫
d4x′ e−ik·x

′
eix

′·(p′2−p2) = (2π)4δ(4)(p′2 − p2 − k)=̇(2π)4δ(4)(p1 − p′1 − k).

Overall, after performing the integrals over x and y, which yield delta functions,
and then integrating over k, we obtain:

S ≈ i(2π)4δ(4)(p′1 + p′2 − p1 − p2) (6.37)

×(−iλ)2
(

1

(p1 + p2)2 −m2
+

1

(p′1 − p2)2 −m2
+

1

(p′1 − p1)2 −m2

)
.
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In conclusion, by using Mandelstam variables s = (p1 + p2)
2, t = (p1 − p′1)

2,
u = (p1 − p′2)2, we have:

⟨f |M|i⟩ = −λ2
(

1

s−m2
+

1

u−m2
+

1

t−m2

)
. (6.38)

6.2.1 Cross-section for Meson-meson Scattering

The relevant computation of the phase space integral in the center-of-mass frame
has already been done in Sec. 6.1.1. It can easily be deduced from Eq. (6.30) if
one factors out λ2, the matrix element square. Overall, we have(

dσ

dΩ

)
CM

=
|⟨f |M|i⟩|2

64π2E2
CM

=
λ4

64π2s

∣∣∣∣ 1

s−m2
+

1

t−m2
+

1

u−m2

∣∣∣∣2 . (6.39)

The total cross section reads (we include the 1/2 factor for identical particles):

σ =
1

2

∫ 2π

0

dϕ

∫ 1

−1
d(cos θ)

dσ

dΩ
. (6.40)

Since E1 = E ′1 = E, |p1| = |p′1|, we have t = (p1 − p′1)
2 = 2m2 − 2p1 · p′1 =

2m2− 2(E2− |p|2 cos θ) = 2(m2−E2)(1− cos θ). The integral can be rewritten
with x = cos θ as

σ =
λ2

64πs

∫ 1

−1
dx

(
1

s−m2
+

1

3m2 − s− 2(m2 − E2)(1− x)
(6.41)

+
1

2(m2 − E2)(1− x)−m2

)2

.

It is possible to obtain an analytic expression for this integral, which we leave
to the reader to derive.

6.3 Diagrammatic Interpretation

From the previous computations, we have seen that it is possible to provide a
diagrammatic interpretation of the different terms of the S-matrix, and of its
building blocks. Let us summarize them here. The building blocks read

−iλ −iλ

p i

p2 −m2 + iη
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For λϕ4, these Feynman rules trivially reproduce (indeed by construction) the
tree level matrix element.
For λϕ3, we have one basic topology:

Figure 6.1: Basic topology to O(λ2).

This topology generates three different contributions once contracted with the
(fixed) initial/final states:

Tree-Level Diagrams for ϕ3 Scattering

The three topologically distinct (once contracted with the initial/final
states) diagrams that contribute at order O(λ2) are:

(1) s-channel

p1

p2

p′1

p′2

k = p1 + p2

Figure 6.2: Corresponds to the term λ2/(s−m2).

p1 p′1

p2 p′2

k = p1 − p′2

(2) u-channel

Figure 6.3: Corresponds to the term λ2/(u−m2).

p1 p′1

p2 p′2

k = p1 − p′1

(3) t-channel

Figure 6.4: Corresponds to the term λ2/(t−m2).
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In these diagrams p1 and p2 are incoming and p3 and p4 outgoing. For the
propagators, the arrows indicate the direction of momentum flow.

To each diagram, we assign its corresponding term in the matrix element for-
mula:

(1)→ −iλ2 1

s−m2 + iη
, (2)→ −iλ2 1

t−m2 + iη
, (3)→ −iλ2 1

t−m2 + iη
.

(6.42)
Then, to each vertex, we would assign a factor (−iλ) and for each propagator
a factor i

p2−m2+iη
. In addition, we have energy-momentum conservation in each

vertex. Finally, we factor out the overall energy-momentum conservation Dirac
delta: (2π)4δ(4)(p1 + p2 − p3 − p4).

All theories with a three-field vertex will have the basic topology shown in Fig.
6.1 to O(λ2). Nevertheless, depending on the particle content of this three-field
vertex, not all three diagrams depicted in Figs. 6.2-6.4 will necessarily show up
in a physical process. For instance, in QED with relativistic fermions, charge
conservation excludes some diagrams in the process e−e+ → e−e+.
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7 Spin-one Massless Particles: Photons

Photons are bosons characterized by having m = 0 and helicity r = ±1 (we
combine fields with positive and negative helicity into a single field). The Fock
space is formed, as usual, by states such as

â†r1(k1) . . . â
†
rn(kn)|0⟩, (7.1)

where the â’s and the â†’s satisfy the commutation relations

[âr(k), â
†
r′(k

′)] = 2ωk(2π)
dδ(d)(k− k′)δrr′ . (7.2)

The Hamiltonian reads

H =

∫
dk̃
∑
r

â†r(k)âr(k)ωk. (7.3)

Our aim now is to obtain this Fock space from a Lagrangian formulation, as it
is within the Lagrangian formulation that we can more easily introduce interac-
tions.

The Lagrangian that describes classical electromagnetism reads

L = −1

4
FµνF

µν , Fµν = ∂µAν − ∂νAµ. (7.4)

One might try to proceed via canonical quantization. However, this approach is
not viable because the Lagrangian possesses a gauge symmetry:

Aµ 7→ A′µ = Aµ + ∂µθ , (7.5)

L 7→ L′ = L . (7.6)

This causes some of the canonical momenta to vanish: Πµ = ∂L
∂Ȧµ → Π0 = 0,

and we cannot impose the usual commutation relation [A0,Π
0] ∝ δ. Even if

we manage to bypass this issue, additional complications arise when trying to
establish canonical quantization conditions for the spatial components of Aµ.
We avoid these problems by following an alternative path that does not rely on
canonical quantization.

We proceed as follows. We first obtain the EoM (Maxwell equations). The
Maxwell equations in the presence of external sources read

∂µF
µν = jµ , (7.7)
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in its covariant form, or

∇ · E = ρ , (7.8)

∇×B = j+
∂E

∂t
, (7.9)

in its original form (where jµ = (ρ, j)). In our case jµ = 0.

If we obtain a solution to the Maxwell equations, after U(1) gauge transformation
(see Eq. (7.5)), the transformed A′µ is also a solution. We use this freedom to
select a particular solution that will allow us to smoothly connect with the
creation/annihilation operator picture. This is nothing but fixing the gauge.
We choose the Coulomb gauge:

∇ ·A′ = 0. (7.10)

This is achieved if, for a given A, we fix θ to be

θ(t,x) =

∫
ddy

(
−1

4π|x− y|

)
(∇y ·A(t,y))→∇ ·A′ = 0. (7.11)

In this gauge, we have

∇ · E = 0⇒ −∆A0 = 0⇒ A0 = 0 if A0(∞) = 0. (7.12)

Overall, the Maxwell equations simplify to

A0 = 0 and 2A = 0.

The latter is nothing but the KG equation after setting m = 0. Its most general
solution (with the constraint ∇ ·A = 0) can be written in the following way:

A(t,x) =

∫
dk̃

(∑
r=1,2

ϵr(k)ar(k)e
−ik·x +

∑
r=1,2

ϵ∗r(k)a
†
r(k)e

ik·x

)
. (7.13)

The condition ∇ ·A = 0 yields

k · ϵr(k) = 0. (7.14)

We can also take the orthonormalization condition of these vectors to be ϵr(k) ·
ϵr′(k) = δr,r′ . We then have the completeness relation:

∑
r=1,2

ϵir(k)ϵ
j
r(k) = δij − kikj

|k|2
. (7.15)
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To deduce this equation, we note that the only tensors with two indices that
are rotationally invariant are δij and kikj, so

∑
r=1,2 ϵ

i
r(k)ϵ

j
r(k) = Aδij +Bkikj.

The coefficients A and B are then fixed using the normalization and transverse
conditions.

So far, everything is consistent with having two massless KG fields (but with
different transformation properties under Lorentz). Although we cannot apply
the canonical formalism, we can write the Hamiltonian using either Eq. (1.2)
or H = P 0, where P 0 is the generator of time translations. To proceed, we first
need to obtain the canonical coordinates:

πµ =
∂L
∂Ȧµ

=
∂L
∂Aµ,0

= −1

4

∂

∂Aµ,0
FρσF

ρσ. (7.16)

= −1

2
Fρσ

∂

∂Aµ,0
F σρ = −1

2
F0µ +

1

2
Fµ0 = Fµ0 .

Overall, we have that (πi =
∂L

∂(∂tAi)
= −Ei)

π = −E . (7.17)

Using the fact that

L =
1

2
(E2 −B2), (7.18)

one obtains

H =

∫
ddx

(
1

2
(E2 +B2) + E ·∇A0

)
, (7.19)

where we have used the explicit expression for E (we keep it general for lat-
ter purposes but note that A0 = 0). If we write it in terms of the (to-be)
creation/annihilation operators, one obtains (see Exercise 5)

H =

∫
dk̃
∑
r

(a†r(k)ar(k) + ar(k)a
†
r(k))

ωk

2
. (7.20)

If we now quantize using Eq. (7.2), the Hamiltonian becomes

Ĥ =

∫
dk̃
∑
r

(â†r(k)âr(k) + C)ωk. (7.21)

Similarly to the KG case, the constant C is formally infinite but this is not a
problem if we only measure energy differences.

This completes the connection with the Fock space of free photons.

Let us conclude with three further results.
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Exercise

Prove that

[Âi(x),
∂Âj

∂t
(y)] = i

(
δij − ∇i∇j

∇2

)
δd(x−y) = i

∫
ddk

(2π)d

(
δij −

kikj

|k|2

)
eik·x.

(7.22)

Therefore, ∂Aj

∂t
(y) is not the canonical conjugate of Aj(y).

Exercise

Prove that the photon (physical) propagator reads

⟨0|T{Âi(x), Âj(0)}|0⟩ =
∫

d4k

(2π)4
e−ikx

i

k2 + iη

(
δij −

kikj

|k|2

)
. (7.23)

Exercise

Prove that Âµ = (0, Â) does not transform as a four-vector under Lorentz
transformations, i.e. it does not fulfill Eq. (5.18).

7.1 Exercises

1. Consider the Lagrangian

L = −1

4
FµνF

µν +
1

2
m2AµAµ .

Obtain the EoM. Obtain P µ.

2. Study the continuous symmetries, and obtain the associated charges (using
Noether’s theorem), of the Lagrangian in the previous exercise.

3. Consider the Lagrangian

L = −1

4
FµνF

µν

and work in the gauge A0 = 0 and ∇ ·A = 0. Obtain the EoM. Obtain
P 0.

4. Study the continuous symmetries and obtain the associated charges of the
Lagrangian of the previous exercise using Noether’s theorem.

5. Rewrite in terms of creation and annihilation operators

Ĥ =

∫
ddx

1

2

(
Ê2 + B̂2

)
,
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where Êi = −(∂0Â)i, Bi = (∇× Â)i, and

Âi(x) =

∫
dk̃
∑
r=1,2

(
ϵir(k)âr(k)e

−ik·x + ϵir(k)â
†
r(k)e

+ik·x) . (7.24)

6. Determine whether the commutator [Aµ(x), Aν(y)] is zero for space-like
distances.
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8 Generalized Feynman Rules

In earlier chapters, we introduced some preliminary Feynman rules for scalar
field theories. We now aim to systematize and extend these findings.

In this chapter, we present methods for deriving Feynman rules for vertices and
propagators for a given Lagrangian. We also explain how they are assembled
in a Feynman diagram. Nevertheless, we will not discuss in detail the case of
relativistic fermions.

8.1 Propagators and Vertices

We first consider a Lagrangian with bosons and/or fermions with, in principle,
arbitrary spin. In practice, j = 0, 1/2, 1, 2. We split it as follows:

L = L0(x) + LI(x) , (8.1)

with L0 being quadratic (free fields) and LI being a polynomial (interaction
term) of degree greater than or equal to three. We first discuss L0, from which
we will obtain the propagators. It can be written as:

L0(x) =

∫
d4y

(
1

2
ϕi(x)Pij(x− y)ϕj(y) + χ†i (x)Vij(x− y)χj(y)

+ψ†i (x)Xij(x− y)ψj(y)
)
. (8.2)

ϕi(x) represents a real boson field. χi represents a complex boson field. ψj

represents a fermion field. The i, j indices represent spin or internal degrees of
freedom. Note that this is symbolic. For bigger spins, or with many internal
quantum numbers, the fields have more than one index.

Whereas it is not standard, any free Lagrangian can be written in the form of
Eq. (8.2). Once L0 is written in this form, one can obtain the propagator using
the following method.

Propagators

To obtain the propagator, we must find the inverse of Pij:∫
d4y

∑
j

Pij(x− y)P−1jl (y − z) = δilδ
(4)(x− z) . (8.3)
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This has a unique solution once we introduce the iη prescription: m2 → m2− iη.
In momentum space, it reads

P−1jl (x) =

∫
d4k

(2π)4
e−ik·xP̃−1jl (k) . (8.4)

The momentum-space propagator is then defined as

Feynman Rule: Propagator

Djl(k) = iP̃−1jl (k). (8.5)

Example
For the case of a real KG field, we have P(x− y) = −(2x +m2)δ(4)(x− y). One
then easily finds that the KG propagator reads (with the replacement m2 →
m2 − iη)

DKG(p) =
i

p2 −m2 + iη
(8.6)

p

which coincides with the Fourier transform of i∆F (x) (see Eq. (4.33)) and the
momentum flows from left to right (though for this particular propagator it does
not matter, as it is invariant under the p→ −p change).

We may attempt to derive the photon propagator from Eq. (7.4) using the
method described above. This leads nowhere, as the resulting propagator is not
invertible. To avoid this problem, extra terms must be added to Eq. (7.4) so
that the resulting Pµν becomes invertible. This procedure is known as gauge
fixing in this context. There are various ways to add these extra terms to the
Lagrangian, each leading to different forms of the propagator. Moreover, the
resulting propagators are, in general, different from the physical propagator of
the photon obtained in Eq. (7.23). We will discuss how this fits in a consistent
physical theory later.

Vertices

Even if the interaction Lagrangian density is local, we can write LI in the fol-
lowing general form:

LI =

∫
d4x1 . . . d

4xNαi1...im···in···ip···iq ···iN (x;x1, . . . , xN) (8.7)

×ψ†i1(x1) . . . ψim(xm) · · ·ϕin(xn) · · ·χ
†
ip
(xp) · · ·χiq(xq) · · ·χiN (xN) ,
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corresponding to an interaction term with m− 1 Ψ† fields, n− 1−m Ψ fields,
p− 1− n ϕ fields, q − 1− p χ† fields, and N − q χ fields.

The first step is then to rewrite the original LI in the above form. This allows
us to identify αi1...im···in···ip···iq ···iN (x;x1, . . . , xN). We are interested in the Fourier
transform of this quantity:

αi1...im···in···ip···iq ···iN (x1, . . . , xN) (8.8)

=

∫
d4k1
(2π)4

· · · d
4kN

(2π)4
e−ik1·(x−x1) · · · e−ikN ·(x−xN )α̃i1...im···in···ip···iq ···iN (k1, . . . , kN).

Note that the derivatives become multiplicative factors after applying the Fourier
transform.

Important: The minus signs in the exponents indicate that the momentum flow
in the Feynman rules is always incoming. This is something that should be taken
into account when drawing and computing diagrams.

The Feynman rule associated with the vertex reads as follows:

Feynman Rule: Vertex

I = i
∑
Perm

(1,m−1)

∑
Perm

(m,n−1)

∑
Perm
(n,p−1)

∑
Perm
(p,q−1)

∑
Perm
(q,N)

(−1)P α̃i1...im···in···ip···iq ···iN (k1, . . . , kN)

(8.9)
(−1)P stands for the fact that a (-1) factor has to be introduced each time
two fermion fields are permuted.
Note also that, when one performs permutations between the quantum
numbers of identical particles, all quantum numbers should be inter-
changed: both labels and momenta.

Example. λϕ4.

L(x) = − λ
4!
ϕ4(x) = (8.10)

= − λ
4!

∫
d4x1d

4x2d
4x3d

4x4δ
(4)(x− x1)δ(4)(x− x2)δ(4)(x− x3)δ(4)(x− x4)

×ϕ(x1)ϕ(x2)ϕ(x3)ϕ(x4)

so

α(x;x1, x2, x3, x4) = −
λ

4!

4

Π
i=1
δ(4)(x− xi) =⇒ α̃ = − λ

4!
(8.11)
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and the Feynman rule for the vertex reads

I = i
∑
Perm(4)

(
− λ
4!

)
= −iλ . (8.12)

Final Feynman Rules

� Vertex: I × (2π)4δ(4)(
∑
ki). The Dirac delta enforces momentum

conservation. Remember that all momenta are incoming.
� Propagator (always internal):

∫
dDk
(2π)D

Dαβ(k)
� In tree level computations, the integrals and Dirac deltas compensate
each other up to an overall energy-momentum conservation Dirac
delta for the external particles that factors out. In such cases one
could simplify the above Feynman rules and work directly with I’s
and D’s, imposing energy-momentum conservation in each vertex,
and multiplying the final result by an overall energy-momentum con-
servation Dirac delta for the external particles. However, this would
not be correct in the general case, in particular, with loops.

8.2 Feynman Rules for External Particles

� Real Scalar: We have already worked out the case of the real scalar field.
The relevant computation was

ϕ̂(+)(x)â†(k)|0⟩ = 1 · e−ik·x|0⟩ (8.13)

k

The exponential gets embedded in the energy-momentum conservation
Dirac delta (note the minus sign indicating they are incoming particles
and that k0 = wk). The factor 1 is the Feynman rule for both incom-
ing and outgoing particles with momentum k. The latter is drawn in the
following way

k

� Complex Scalar: Particle and antiparticle are different states in this
case. Which one is designated the particle and which one the antiparticle
is a matter of convention. We have that ϕ ∼ a+ b†. We again have that

ϕ̂(+)(x)â†(k)|0⟩ = 1 · e−ik·x|0⟩ (8.14)
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k

ϕ̂†(+)(x)b̂†(k)|0⟩ = 1 · e−ik·x|0⟩ (8.15)

k

and similarly for the outgoing particles:

k

k

Overall, the Feynman rule for external complex scalars is a factor 1 for
incoming/outgoing particles and antiparticles with momentum k. Arrows
indicate the charge flow and distinguish particles from antiparticles.

We can easily obtain the generalization to particles with general spin.

� Massless Spin-1 (Photon): For a (physical1) photon, we have

Â(+)
µ (x) =

∫
dk̃
∑
λ

ϵµ(k, λ)â(k, λ)e
−ik·x , (8.16)

and
Â(+)

µ (x)â†(k, λ)|0⟩ = ϵµ(k, λ)e
−ik·x|0⟩ . (8.17)

Similarly,
⟨0|â(k, λ)Â(−)

µ (x) = ⟨0|ϵ∗µ(k, λ)eik·x (8.18)

Overall, the Feynman rules read

– Incoming: ϵµ(k, λ)

k

– Outgoing: ϵ∗µ(k, λ)

k

1Is there any other kind of photon?



126 Materials Antonio Pineda

� NR spin-1
2
Fermions: The NR fermion field is a vector of dimension

two. We write it as follows

φ̂(x) =

∫
ddk

(2π)d

∑
r=±

α(k̂, r)b̂r(k)e
−ik·x , (8.19)

χ̂c(x) =

∫
ddk

(2π)d

∑
r=±

αc(k̂, r)d̂r(k)e
−ik·x . (8.20)

Here, we will consider two possibilities. One is more suitable for the NR
limit, whereas the other allows for a smoother transition to the relativistic
case. The difference will come from how we define α. One option is to
quantize along the axis of motion of the NR particle:

α(k̂,+) =

(
e−i

ϕ
2 cos

(
θ
2

)
ei

ϕ
2 sin

(
θ
2

) ) , α(k̂,−) =

(
−e−iϕ2 sin

(
θ
2

)
ei

ϕ
2 cos

(
θ
2

) ) , (8.21)

where the vector k is represented in the following way

x
y

z

k

ϕ

θ

The other option is to make it independent of the momentum of the par-
ticle:

α(k̂,+) ≡ α(+) =

(
1
0

)
, α(k̂,−) ≡ α(−) =

(
0
1

)
. (8.22)

This is convenient in the NR limit.

Regardless of the basis, the Feynman rules always have the following form.

– Incoming fermion: α(k̂, r)

k, r
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– Outgoing fermion: α∗(k̂, r)

k, r

– Incoming antifermion: αc(k̂, r)

k, r

– Outgoing antifermion: α∗c(k̂, r)

k, r

For convenience, we put arrows to distinguish particles from antiparticles,
although we could treat them separately.

8.3 Matrix Elements

The amplitude iM is constructed by multiplying these factors together:

iM = (external particles)× (Vertices)× (Propagators) , (8.23)

and integrating over any undetermined internal momenta. The indices of the
vertices are contracted with those of the propagators and external particles to
which they are connected.

The above discussion suffices for the purposes of this book. Additional subtleties
that may arise at loop level are not discussed here.

8.4 Exercises

1. Compute the Feynman propagator of the photon field from the Lagrangian

L = −1

4
FµνF

µν − 1

2a
(∂µA

µ)2 (8.24)

in momentum space using the generalized Feynman rule methods.

2. Compute the Feynman propagator of the Proca field in momentum space
using the generalized Feynman rule methods.
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3. Derive the Feynman rules for the following Lagrangian

L =
1

2
∂µϕ1∂

µϕ1 −
1

2
m2

1ϕ
2
1 +

1

2
∂µϕ2∂

µϕ2 −
1

2
m2

2ϕ
2
2 −

λ

4
ϕ2
1ϕ

2
2 .

4. Obtain the Feynman rule for the following vertex of scalar fields

δL = (∂µϕ
2)(∂µϕ2) .

5. Derive the Feynman rule for the vertex λ
3!
ϕ3.

6. Discuss whether the following processes (H is a scalar particle): HHH →
H and vacuum → HHHH, are physically possible within λϕn theories.

7. Derive the Feynman rules for λϕ2(ϕ∗)2 and λϕ2
1ϕ

3
2 theories.

8. Derive the Feynman rules of the following interaction vertex

δL =
αNc

24πFπ

ϵµναβFµνFαβϕ ,

where ϕ(x) is a real scalar field (for instance π0: the chargeless pion field)
and Aµ is the field of the photon.

9. Using the vertex of the previous exercise (with Nc = 3 and Fπ ≃ 92 MeV)
compute the decay width of the process π0 → γγ. Consult the PDG and
compare with the experimental number.
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9 QFTs with Photons

The interaction between massive particles and a single massless spin-one par-
ticle is what is known as Quantum electrodynamics (QED). In most standard
QFT textbooks, the massive particles are relativistic spin-1

2
fermions. In these

introductory notes, we do not study relativistic spin-1
2
fermions. Therefore, we

have to take a different route. We will consider the interaction of the photon
with either massive relativistic charged scalars or with NR particles of arbitrary
spin. This will be more than enough for the purposes of this book. Nevertheless,
this choice will also force us to make some modifications in some derivations.

As the name QED suggests, we are dealing with a quantum theory. There are
two main routes to construct interacting QFTs involving photons:

1) One is to first pose the problem in a classical setup. We consider the La-
grangian of free matter fields and enforce gauge invariance on it. The solution
to this problem is the introduction of a four-vector (under Lorentz transforma-
tions) field, which transforms inhomogeneously under gauge transformations.
This is the traditional route to derive the QED Lagrangian and the one we will
follow for the matter fields we consider in this book. One then tries to quantize
the resulting Lagrangian. This is complicated in general. We will only work out
the NR case in detail and state the solution for the scalar relativistic one.

2) The other path is to consider the most general interacting theory of massless
spin-one particles (photons) with matter that complies with Poincaré invariance.
As appealing as this approach is, we will not discuss it here, as it would require
additional preparatory material. The interested reader can find a discussion in
[4].

9.1 Scalar QED

The Lagrangian of scalar QED can be derived from the gauge principle. We
start with the Lagrangian density for a free, charged, scalar particle:

L = (∂µϕ
∗)(∂µϕ)−m2|ϕ|2 . (9.1)

This Lagrangian density is invariant under a globalU(1) transformation, ϕ(x) 7→
e−iαeϕ(x), which leads to the conserved Noether’s current (see Eq. (4.62)):

jµ = ie[ϕ∗(∂µϕ)− (∂µϕ
∗)ϕ] ≡ ieϕ∗

←→
∂µϕ . (9.2)
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The above symmetry corresponds to performing the same “rotation” of the field
at every point in space-time—a “rigid” transformation. A natural question
arises: Why not consider a more general type of rotation? See the discussion in
[9]. This would correspond to allowing the field redefinition to vary from point
to point in space-time (a “local” transformation). If we require invariance under
a local transformation: α→ α(x), the Lagrangian is no longer invariant, nor is
the difference a total derivative:1

L → L+ (∂µα)j
µ . (9.3)

To enforce gauge invariance, we replace the ordinary derivative ∂µ with the
covariant derivative Dµ:

∂µ → Dµ = ∂µ + ieAµ . (9.4)

This introduces a new vector field: Aµ (the photon field), which must transform
under gauge transformations as

Aµ(x) 7→ A′µ(x) = Aµ(x)− ∂µα(x) . (9.5)

This ensures that

Dµϕ→ e−iα(x)eDµϕ(x) (9.6)

transforms homogeneously under the U(1) gauge transformations, unlike ∂µϕ(x).
Therefore, we have that

(Dµϕ)
∗(Dµϕ)−m2|ϕ|2 (9.7)

is invariant under U(1) gauge transformations. This is not the whole history,
however, as this invariance has been achieved at the cost of introducing an addi-
tional field, Aµ. Therefore, we must now look for additional operators made of
Aµ’s (or with Aµ content) with good transformation properties. In this respect,
the following identity proves useful:

[Dµ, Dν ]ϕ = [∂µ + ieAµ, ∂ν + ieAν ]ϕ = ie (∂µAν − ∂νAµ)ϕ = ieFµνϕ.

We have then that [Dµ, Dν ] is gauge invariant and thus Fµν too.2 This can
easily be generalized to non-abelian gauge theories where it turns out to be
more useful.

1One might be tempted to perform an integration by parts so that the difference becomes
∝ α(x)∂µj

µ. However, note that Noether’s theorem requires the variation to be, at most, a
total derivative before applying the EoM so that, even if jµ is a conserved current, we cannot
set ∂µj

µ = 0.
2Something that we already knew from Chapter 7.
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The complete gauge-invariant Lagrangian for scalar QED must include a kinetic
term for the new field Aµ. The only term that is simultaneously U(1) gauge-
invariant, Poincaré invariant, and quadratic in the photon field is −1

4
FµνF

µν

(the normalization is fixed, for convenience, as in Eq. (7.4)). The U(1) gauge
symmetry forbids an AµA

µ term so the photon is massless.

Adding the photon kinetic term to Eq. (9.7), the Lagrangian reads

L = (Dµϕ)
∗(Dµϕ)−m2|ϕ|2 − 1

4
FµνF

µν . (9.8)

If we neglect a possible λ|ϕ|4 term, this is the only possible Lagrangian under
the conditions of having a single charged scalar field, U(1) gauge symmetry,
Poincaré invariance, C, P, and T symmetry, and perturbative renormalizability.
Perturbative renormalizability means that the ultraviolet divergences generated
in perturbation theory can be reabsorbed into redefinitions of the paramaters of
the Lagrangian. In this book we do not delve into the issue of renormalizability
of QFTs. We will only mention that perturbative renormalizability imposes a
necessary condition on the allowed operators that can appear in the Lagrangian:
The only allowed operators are those with field content [O] =MDO withDO ≤ 4.
This means that we can only have superrenormalizable operators (with DO < 4)
or marginal (renormalizable) operators (with DO = 4). Non-renormalizable
operators (with DO > 4) are not allowed. An example of such an operator is

(Dµϕ)
∗(Dµϕ)|ϕ|2 ,

which has dimension 6, since [ϕ] = M1 and [A] = M1. Note that these non-
renormalizable operators get multiplied by dimensionful constants with negative
dimensions in the Lagrangian. From an effective field theory point of view these
terms are then less important at low momentum transfer.

Exercise

Show that the equations of motion derived from the Lagrangian (9.8) are

∂µF
µν = Jν ;

[
(∂µ + ieAµ)(∂

µ + ieAµ) +m2
]
ϕ = 0

where
Jν = jν − 2e2Aνϕ∗ϕ ; jν = ieϕ∗

←→
∂ν ϕ ,

and Jν is the total electromagnetic current associated with the global U(1)
symmetry of Eq. (9.8).

In the above discussion, we have considered a single charged particle. However,
we could consider a more general scenario involving different particles, each
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potentially carrying a different charge. Additionally, we have focused solely on
deriving the classical Lagrangian of scalar QED. It is also possible to write down
the classical Hamiltonian, which is left as an exercise for the reader. However,
we do not address its quantization in this book. Instead, we will carry out the
quantization for the NR theory in the next section. This will prove sufficient for
the purposes of these introductory notes.

9.2 NRQED

We begin by considering a NR particle of arbitrary spin, which we describe using
the field φ. This particle may be either a boson or a fermion, representing a
matter field. We will typically consider either scalars or spin-1

2
particles. In the

first case, the field has a single component, whereas in the second, the field is
a vector of dimension two, i.e., it has two components. Most of our discussion
will be spin-independent, since spin-dependent effects are typically suppressed
by powers of the mass of the NR particle. Therefore, we can omit the index as
the interactions will be diagonal in spin space.3

The Lagrangian of a NR particle at leading nonvanishing order in the velocity
expansion reads

L = φ†
(
i∂0 +

∇2

2m

)
φ . (9.9)

This Lagrangian is invariant under U(1) global symmetry. As in the previous
section, we enforce U(1) local symmetry. Again, the solution is to transform
normal derivatives into covariant derivatives and add the photon Lagrangian
term

L = φ†(t,x)

{
iD0 +

D2

2m

}
φ(t,x)− 1

4
FµνF

µν , (9.10)

with (see Eq. (1.1))

iD0 = i∂0 − eA0, iD = i∇+ eA . (9.11)

This Lagrangian is perturbatively nonrenormalizable from the start. Therefore,
the usual restriction of requiring perturbative renormalizability does not apply,
and one could, in principle, add further terms to the Lagrangian while still
preserving gauge invariance. Such terms would be subleading in the NR limit.
Therefore, we neglect them here, as one would do in effective field theories at
low energies.

3When this is not the case, we will state it explicitly.
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Exercise

Show that the EoM from the Lagrangian (9.10) are:(
iD0 +

1

2m
D2

)
φ = 0 , (9.12)

∂µF
µ0 = eφ†φ , ∂µF

µi = − ie

2m
(φ†(∇iφ)− (∇iψ)†φ) . (9.13)

Eqs. (9.13) are nothing but the Maxwell equations in the presence of (NR)
sources (see Eqs. (7.8) and (7.9)). Note that, without matter (ρ = 0), we had
A0 = 0 (see Eq. (7.12)). Since, we now have charged matter fields (ρ ̸= 0),

∇ · E = −∇ · Ȧ−∇2A0 = eρ ,

which simplifies to (∇ ·A = 0)

∇2A0 = −eφ†φ , (9.14)

and we can solve this equation (note that there is no evolution in time):

A0(t,x) =
e

4π

∫
ddx′

ρ(t,x′)

|x− x′|
, (9.15)

where
ρ = j0(x) = φ†(x)φ(x). (9.16)

Overall, the outcome of this computation is that A0 is not an independent field
and that it is non-zero.

9.2.1 Quantization

Let us now turn to the Hamiltonian formulation. Our goal is to express the
Hamiltonian in terms of creation and annihilation operators, and to decompose
it into the free and interaction terms. To this end, we adapt the derivation
presented in [8] for relativistic spin-1

2
particles to our particular NR setup.

Using the canonical momenta:

∂L
∂Ȧi

= −Ei = ∇iA0 + Ȧi and
∂L
∂φ̇

= iφ† , (9.17)

the Hamiltonian reads

H =

∫
ddx

{
φ†
(
− 1

2m

)
∇2φ+

1

2
(E2 +B2) + E · (∇A0) + eφ†φA0

+
ieA

2m
[φ†(∇φ)− (∇φ†)φ] +

e2

2m
A2φ†φ

}
. (9.18)
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This expression does not yet have the free and interaction terms separated,
because A0 and E depend on the fields φ, φ†. We need to eliminate A0. Let us
first note that∫

ddxE ·∇A0 = −
∫
ddx(∇ · E)A0 = −e

∫
ddxρA0 . (9.19)

We now split E into its transverse and longitudinal components: E = ET + EL

where, by definition, the transverse part satisfies ∇ · ET = 0. Then, ET = −Ȧ
and EL = −∇A0. Thus, we have∫

ddxE2 =

∫
ddx(E2

T + 2ET · EL + E2
L). (9.20)

We now study the terms proportional to the longitudinal electric field. We first
have∫

ddx2ET · EL = 2

∫
ddx(−∇A0) · (−Ȧ) = −2

∫
ddxA0(∇ · Ȧ) = 0. (9.21)

For the other term, we obtain4∫
ddxE2

L =

∫
ddx(∇A0) · (∇A0) = −

∫
ddxA0(∇2A0) = e

∫
ddxA0ρ

=
e2

4π

∫
dxdy

ρ(x)ρ(y)

|x− y|
. (9.23)

In the end, the Hamiltonian reads

H = H0 +HI , (9.24)

where

H0 =

∫
ddx

{
φ†
(
−∇2

2m

)
φ+

1

2
(E2

T +B2)

}
, (9.25)

and

HI =

∫
ddx

{
ieA

2m
(φ†(∇φ)− (∇φ†)φ) +

e2

2m
A2φ†φ

}
+
e2

8π

∫
ddxddy

ρ(x)ρ(y)

|x− y|
. (9.26)

4It is useful to recall the following identities:∫
ddk

(2π)d
eik·r

k2
=

1

4π

1

r
≡ − 1

∇2 δ(r) (9.22)
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This expression can be quantized directly. Ĥ0 is the Hamiltonian of free NR
particles and free photons. ĤI is the interaction term (it is a polynomial of
creation and annihilation operators with degree greater than or equal to three).
It is made out of two terms. The first is a standard local term (albeit includ-
ing NR fields) for which we can directly obtain the Feynman rules using the
methods discussed in Chapter 8. The second is non-local in space. It resem-
bles a Coulomb-like interaction between NR charged particles. For this term,
a straightforward application of the Feynman rules presented in Chapter 8 is
more difficult (though possible). We will discuss the handling of this term in the
following section. In any case, it should be stressed that the appearance of this
non-local (in space) interaction term is a general feature of QED, regardless of
whether one uses relativistic or NR matter fields for the derivation (see [8]).

9.2.2 S-matrix and (effective) Photon Propagator

In Eq. (7.23), the propagator of the (physical) photon was obtained. This
generates the following Feynman rule in momentum space:

Dij
A(p) =

i

k2 + iη

(
δij − kikj

|k|2

)
(9.27)

i jk

This expression does not agree with the photon propagator one obtains from the
Lagrangian in Eq. (8.24). Let us see what is going on.

In the previous section, a non-local (in space) interaction term

δĤI =
e2

8π

∫
ddxddy

ρ̂(x)ρ̂(y)

|x− y|
(9.28)

appeared in ĤI . This term resembles very much a Coulomb potential interaction.
We cannot diagrammatically represent such a term as a local vertex. We use
the following diagrammatic representation instead5

5In this chapter, we do not draw arrows for charged particles to simplify the discussion.
We will carefully discuss how to put arrows in the next chapter.
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p1 p′1

VC

p2 p′2

k = p1 − p′1

The vertical line is really a vertical line, since the time is the same both in the
up and down vertices. In momentum space, this manifests as the absence of any
k0 dependence.

If we insist on writing all interactions in terms of local vertices, we must rewrite
the non-local interaction as the propagator of a fictitious particle (somewhat
reintroducing A0). This particle is non-physical, as it does not propagate in
time. This non-physical component, A0, mediates the instantaneous Coulomb
interaction if we introduce the following local interaction vertex:

δĤI = eÂ0φ̂
†φ̂ , (9.29)

and use the following definition for the A0 propagator:

⟨0|T{Â0(x)Â0(0)}|0⟩ ≡
∫

d4k

(2π)4
e−ikx

i

k2
= δ(x0)

i

|x|
1

4π
. (9.30)

In momentum space, we associate the following Feynman rule to this propagator:

i

k2
(9.31)

k

The above procedure succeeds in eliminating the nonlocal interaction term,
which is generated now by the following diagram:

p1 p′1

p2 p′2

k = p1 − p′1

Figure 9.1: Up to a factor, it yields a contribution i
k2 to the S-matrix.
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Thus, we have two alternative ways to handle the non-local interaction term in
the S-matrix. One is to use Eq. (9.28). The other is to use the A0 propagator
given in Eq. (9.30) along with the Feynman rule generated by the vertex in
Eq. (9.29) with the qualification that A0 can never be an asymptotic particle.
Indeed, we cannot emphasize enough that Eq. (9.30) is wrong in all possible
ways: There is no creation/annihilation operator nor a vacuum state associated
with A0. We write it in this way purely for convenience. Indeed, an additional
bonus of this approach is that we can combine Eq. (9.30) and Eq. (7.23) into a
single, formally covariant, object—the propagator:

⟨0|T{Âµ(x)Âν(0)}|0⟩ ≡
∫

d4k

(2π)4
e−ikx

iPµν

k2 + iη
, (9.32)

where6

P µν = −gµν − kµkν − (k · n)nµkν − (k · n)nνkµ

k2
with nµ = (1,0). (9.33)

One can easily check that for label indices (i, j) one recovers the physical prop-
agator, i.e. Eq. (9.27), for label indices (0, i) one gets zero, and for label indices
(0,0), we recover Eq. (9.31). We then represent this propagator in the following
way:

Dµν(p) =
iPµν

k2 + iη
(9.34)

µ νk

Observation. We used wavy lines for the external photons in Sec. 8.2. We
could equally well have used the zig-zag symbol, as only physical photons appear
as asymptotic states.

In NR theories, the longitudinal and transverse components are naturally sepa-
rated in the interaction terms. Therefore, one might wonder about the necessity
of putting them together. Nevertheless, combining them in a single propagator
is almost a must in a relativistic setup. On top of that, the convenience of com-
bining both contributions together gets reinforced by the gauge invariance of
the S-matrix, which mixes longitudinal and transverse components. We discuss
this issue in the next section. Finally, as we have already seen, an extra bonus
comes from the fact that the non-local term can be eliminated by adding a local
interaction term depending on this fictitious A0 field.

6Note that Pµν reduces to P ij when computed on-shell since, for P 00, we obtain −g00 +
k0k0

k2 = k2

k2 which is zero on-shell.
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9.2.3 Gauge Invariance of the S-matrix

The attentive reader (and dedicated student) who has completed Exercise 1 in
Sec. 8.4 may have noticed that we have not yet solved the initial problem posed
below Eq. (9.27). Even if we now take Eq. (9.34)—the Fourier transform of
Eq. (9.32)—as the effective photon propagator, this expression is different (in
general) from the one obtained by applying generalized Feynman rule methods
to the Lagrangian in Eq. (8.24).

This problem is resolved by using the identities that the S-matrix satisfies due
to gauge symmetry. This can be stated as a theorem (see the discussion on p.
450 of [4]).

Theorem: Gauge invariance of the S-matrix

S-matrix elements are unaffected by changing any photon propagator
Dµν(q) in momentum space by the following transformation

Dµν(q)→ Dµν(q) + αµqν + βνqµ , (9.35)

and/or the polarizations by the following transformation

ϵµ(k, λ)→ ϵµ(k, λ) + ckµ , (9.36)

where αµ, βν , c are not necessarily constants (they could be functions of
q/k). Here, qµ does not need to be on-shell (q0 ̸= |q|), but kµ does because

it corresponds to a physical photon (k0 = |⃗k|).
An important qualification to this theorem is that such transformations
must be applied to the full S-matrix, not to individual diagrams.

We will not prove this theorem but only show that it holds for the quantities we
compute.

It is easy to see that this theorem solves our initial problem. Propagators that
differ by terms proportional to qµ and/or qν are equally legitimate. If we compare
Eq. (9.32) with the result obtained in Exercise 1 in Sec. 8.4, the difference
between the propagators is indeed proportional to qµ and/or qν . In fact, we
could use this freedom to choose propagators with a simpler or more convenient
form. One example is the Feynman gauge, where the photon propagator takes
the form

⟨0|T{Âµ(x)Âν(0)}|0⟩|FG =

∫
d4k

(2π)4
e−ikx

i

k2 + iη
(−gµν) = gµν

1

4iπ2

1

x2 − iη
(9.37)

i.e., we set P µν(k) = −gµν , and still physics remains unchanged. Recall that
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this statement applies to the full S-matrix, individual diagrams may differ.

This closes the loop. With this final qualification, we can use the generalized
Feynman rules for this NR QFT with the assignment

HI = −LI , (9.38)

and use any photon propagator obtained from the generalized Feynman rule
methods with an arbitrary gauge fixing term as discussed in Chapter 8.

Note also that the theorem above shows that the S-matrix element is invariant
under changes of the polarization of the external particles. The combined trans-
formations of the propagator and the polarizations of the external particles are
simply the gauge transformations of the Aµ field.

For relativistic spin-1
2
particles, the construction is similar and can be found in

[8]. If the dependence of the Lagrangian on A0 is more complicated, similar
results can be obtained but the derivation is more cumbersome. This applies,
in particular, to scalar QED. Therefore, we can use the generalized Feynman
rules in this case too (at least for the purposes of this book), again using the
assignment:

HI = −LI , (9.39)

and any photon propagator obtained after gauge fixing. This is how we will
proceed for scalar QED in the next chapter.7

7It also remains to be explicitly shown that the resulting S-operator is a scalar under
Poincaré transformations. This is deferred to a more advanced textbook.
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10 Scalar QED. Applications

In this chapter, we aim to compute some observables in scalar QED, the theory
presented in Sec. 9.1. We will see how relativity in QFTs relates different
physical processes and verify gauge invariance. First, we need the Feynman
rules, which we will derive in the next section. We will use these examples to
highlight the subtleties of the Feynman rules for charged particles.

10.1 Feynman Rules of Scalar QED

The Lagrangian is written in Eq. (9.8). Propagators have already been com-
puted. The propagator of a charged scalar field is equal to the propagator of
a real scalar field. The photon propagator has been discussed in Sec. 9.2.2
and Sec. 9.2.3, where it was emphasized that one can use any gauge for its
computation.

We now consider the interaction terms. We split the interaction Lagrangian
density into two terms:

δL = ie(∂µϕ
∗)Aµϕ− ieϕ∗Aµ(∂µϕ)︸ ︷︷ ︸

δL(1)

+ e2AµA
µϕ∗ϕ︸ ︷︷ ︸

δL(2)

. (10.1)

For the first term, we have

δL(1) =

∫
d4x1d

4x2d
4x3A

µ1(x1)ϕ
∗(x2)ϕ(x3) (10.2)

(ie)δ(4)(x− x1)[(∂(x)µ1
δ(4)(x− x2))δ(4)(x− x3)− δ(4)(x− x2)(∂(x)µ1

δ(4)(x− x3))]︸ ︷︷ ︸
αµ1 (x;x1,x2,x3)

.

Changing to momentum space

δ(4)(x− xi) =
∫

d4ki
(2π)4

incoming

e−iki·(x−xi), ∂xµδ
(4)(x− xi) =

∫
d4ki
(2π)4

(−ikiµ)e−iki·(x−xi) ,

(10.3)
we can obtain the Fourier transform of αµ and the Feynman rule for the vertex.
Since all fields are different, there are no combinatorial factors involved. Overall,
we obtain

I = iα̃µ = i(+ie) · 1 · {(−ik2µ) · 1− 1 · (−ik3µ)} = ie(k2µ − k3µ) . (10.4)
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To give the diagrammatic representation of this Feynman rule, we also need to
assign arrows to the legs of the vertex. This is a delicate issue. The internal
arrows refer to charge, while the external arrows represent momenta. Charge is
conserved, but we need a convention to distinguish between what we call “parti-
cle” and what we call “antiparticle”. If ϕ ∼ â+ b̂†, we assign â to the particle and
b̂ to the antiparticle. It should be emphasized that, when asked about providing
Feynman rules, we should give Eq. (10.4) along with the corresponding diagram
(with arrows, and indicating which operator corresponds to the particle), which
in this case reads

k3 k2

µ

−k3 − k2

Figure 10.1: Feynman diagram associated with the Feynman rule, (10.4).

Recall that all the momenta are incoming.

If we take the time arrow to move in the left-to-right direction, the diagram
above represents1 the creation of a particle (a) with momentum k3 that emits
(or absorbs) a photon and continues propagating forward in time. The outgo-
ing physical particle would have momentum −k2. Note that the sign of k02 gets
reversed to become positive and, therefore, physical. This is not the only pos-
sibility, though. This very same vertex can represent different processes if we
rotate it in different ways. If we take the time arrow to move in the right-to-left
direction, the diagram above represents the creation of an antiparticle (b) which
emits (or absorbs) a photon and continues forward in time. The same diagram
can also represent the virtual creation of a particle-antiparticle pair, or the anni-
hilation of a particle-antiparticle pair. In all these processes, charge is conserved
but not the particle content. Still, they all originate from the very same vertex.
This is a consequence of the implementation of relativity in QFTs.

We now consider δL(2):

δL(2) =

∫
d4x1 . . . d

4x4A
µ1(x1)A

µ2(x2)ϕ
∗(x3)ϕ(x4) (e

2gµ1µ2

4∏
i=1

δ(4)(x− xi))︸ ︷︷ ︸
αµ1µ2 (x,x1,...,x4)

.

(10.5)

1Properly embedded in a full Feynman diagram so one does not get zero because of energy-
momentum conservation for physical particles.
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The Feynman rule for the vertex reads

I = i× α = 2igµ1µ2e
2 , (10.6)

and the associated Feynman diagram reads

k4 k3

µ2 µ1

k1k2

Figure 10.2: Feynman diagram associated with the Feynman rule, (10.6).

We do not write it explicitly but remember that the vertices have associated an
energy-momentum conservation Dirac delta. In this case, the “complete” vertex
would be

[2igµ1µ2e
2] · (2π)4δ(4)

(
4∑

i=1

ki

)
. (10.7)

Since this Feynman rule is independent of the momenta, and symmetric under
the interchange of µ1 and µ2, possible ambiguities due to misidentification of the
momenta or indices vanish.

10.2 Compton Scattering with Pions to O(e2)

We now consider the reaction π−+γ → π−+γ. We take the π− to be the particle
and π+ the antiparticle. The momenta are: p1 (incoming π−), p2 (incoming γ),
p3 (outgoing π−), p4 (outgoing γ). r and r′ are the helicities of the incoming
and outgoing photons, respectively.

There are three Feynman diagrams that contribute to the S-matrix at O(e2):

p1

p2

p3

p4
(1)

p1

p2

p3

p4
(2)

p1

p2

p3

p4
(3)

The first two diagrams already appeared in the analogous computation for the
λϕ3 theory discussed in Secs. 6.2 and 6.3. They correspond to Figs. 6.2 and
6.3. The topology Fig. 6.4 does not show up however. Diagram (3) above has
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the topology of a λϕ4 vertex. Note that, in the above diagrams, the momenta
pi represent the physical momentum of the particles. Therefore, p1 and p2 are
incoming, while p3 and p4 are outgoing. This should be taken into account when
using the Feynman rules to compute the S-matrix.

We now translate these diagrams into the quantity iM. Recall that iM omits
the factor (2π)4δ(4)(p1 + p2 − p3 − p4). We obtain

iM = (external particles)× (vertices)× (propagator) . (10.8)

Using the Feynman rules we computed in the previous section, we obtain

iM1 = 1 · ϵµ(p2, r) · 1 · ϵ∗ν(p4, r′)

× [(−ie)(p1 + p1 + p2)
µ]

i

(p1 + p2)2 −m2
π + iη

[(−ie)(p3 + p3 + p4)
ν ]

= −ie2 [(2p1 + p2) · ϵ(p2, r)][(2p3 + p4) · ϵ∗(p4, r′)]
(p1 + p2)2 −m2

π + iη
. (10.9)

Similarly,

iM2 = −ie2
[(2p1 − p4) · ϵ∗(p4, r′)][(2p3 − p2) · ϵ(p2, r)]

(p1 − p4)2 −m2
π + iη

. (10.10)

Finally,

iM3 = 1 · ϵµ(p2, r) · 1 · ϵν(p4, r′)× [2igµνe
2] = 2ie2ϵ(p2, r) · ϵ∗(p4, r′) . (10.11)

So, the total S-matrix element reads

iM = iM1 + iM2 + iM3 +O(e4) . (10.12)

This expression can be simplified using the fact that ϵ(ki) · ki = 0 for physical
photons (since ϵ0 = 0, and ϵ · k = 0):

iM = ie2ϵµ2ϵ
∗ν
4 Tµν with Tµν = − 4p1,µp3,ν

(p1 + p2)2 −m2
π

− 4p3,µp1,ν
(p1 − p4)2 −m2

π

+ 2gµν .

(10.13)

Let us now check gauge invariance, i.e. the theorem stated in Sec. 9.2.3. We
will show the invariance of the S-matrix under the transformation

ϵµ(ki)→ ϵµ(ki) + αkµi , (10.14)

where kµi is on-shell (k0 = |k|). The first observation is that ϵ(ki) · ki = 0 holds
true after this transformation, since k2i = 0. Therefore, we can still use Eq.
(10.13). After the transformation (10.14), we have

(ϵµ2 + α pµ2) (ϵ
ν
4 + β pν4)Tµν = ϵµ2ϵ

ν
4Tµν + β ϵµ2Tµνp

ν
4 + α ϵν4Tµνp

µ
2 + αβ pµ2p

ν
4Tµν .
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Exercise

Show that

pµ2Tµνϵ
∗ν
4 = 0 ; pν4Tµνϵ

µ
2 = 0 ; pµ2p

ν
4Tµν = 0 . (10.15)

Hint:
pµ2Tµν = 2(p4)ν . (10.16)

This result shows that the S-matrix is invariant under the transformation (10.14).
We stress that, to obtain this result, we need the contributions of the three
diagrams. Gauge invariance does not hold on a diagram-by-diagram basis.

10.2.1 Compton Cross Section

The computation of the Compton-scattering cross section is usually done in the
Lab frame, considering the pion at rest. In this reference frame, the expres-
sion for the matrix element computed in Eq. (10.13) simplifies considerably if
computed in the Coulomb gauge since p1 · ϵ = 0:

iM = 2ie2ϵ(p2, r) · ϵ∗(p4, r′) (Lab frame and Coulomb gauge) . (10.17)

The phase space integral is similar to the one in Sec. 6.2.1 for λϕ3. The differ-
ence is that we are now interested in doing the computation in the Lab frame.
Therefore, we want to emphasize the difference between the pion and the pho-
ton. To do so, we rename the momenta of each particle: p1 → p, p2 → k, p3 → p′

and p4 → k′.

We want to compute (m1 = m and m2 = 0):

dσ =
1

2λ1/2(s,m2
1,m

2
2)
(2π)4δ(4)(pf − pi)|⟨f |M|i⟩|2dp̃′dk̃′ . (10.18)

In our case, 2λ1/2(s,m2
1,m

2
2) = 4p · k = 4mwk. The first equality holds in any

reference frame, and the second in the Lab frame. We next want to determine
k′ as a function of k in the Lab frame. Since k′− k = p− p′, we have (k′− k)2 =
(p− p′)2 or

k′2 + k2 − 2k · k′ = p′2 + p2 − 2p′ · p ,
which simplifies to

−2(wkwk′−wkwk′ cos θ) = 2m2−2mωp′ = 2m(m−ωp′) = 2m(wk′−wk) (10.19)

in the Lab frame, and we obtain

wk′ =
wk

1 + wk

m
(1− cos θ)

, (10.20)
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or, equivalently,
1

wk′
− 1

wk

=
1

m
(1− cos θ) . (10.21)

Next, we perform the phase space integration of the differential cross section up
to the solid angle of the outgoing photon. Working in the Lab frame, we obtain
(recall that wk = |k| and wk′ = |k′|)∫

ddp′ddk′δ(4)(p′ + k′ − p− k) (10.22)

=

∫
dΩk′ |k′|2d|k′|δ(

√
(k− k′)2 +m2 + |k′| −m− |k|)

=

∫
dΩ

|k′|2

|1 + dωp′

dwk′
|
=

∫
dΩ

wp′w
3
k′

mwk

.

Using this result, we obtain

dσ

dΩ

∣∣∣
Lab

=
α2

m2

(
wk′

wk

)2

(ϵ′ · ϵ)2 , (10.23)

where ϵ′ · ϵ is the polarization. This is the Klein-Nishima formula for scalar
particles.

Let us now see how this expression simplifies depending on our knowledge of the
polarizabilities of the initial/final photon.

1) No initial helicity. We first assume that we do not know the helicity of the
initial photon. In such a scenario, the photon is described by a density matrix,
and we must average over the helicities of the incoming photon. Therefore, what
we measure is the following quantity:

dσ

dΩ
=

1

2

(
dσ

dΩ

∣∣∣
ϵ1
+
dσ

dΩ

∣∣∣
ϵ2

)
, (10.24)

and it will be sufficient to calculate 1
2
[(ϵ′ · ϵ1)2 + (ϵ′ · ϵ2)2] to obtain it. To do so,

we use the following trick: We decompose four-vectors in a convenient basis. It
is clear that ( p

m
, ϵ1, ϵ2, k̂) is an “orthonormal” basis of R4, where

k̂ ≡ 1

wk

(
0
k

)
, and

p

m
=

(
1
0

)
.

Then, for any four-vector u, we have:

u = (−u · ϵ1)ϵ1 + (−u · ϵ2)ϵ2 + (u · k̂)k̂ − (u · p
m
)
p

m
, (10.25)
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and

u2 = −(u · ϵ1)2 − (u · ϵ2)2 + (u · k̂)2 + (u · p
m
)2 . (10.26)

In particular, for u = ϵ′:

ϵ′2 = −1 = −(ϵ′ · ϵ1)2 − (ϵ′ · ϵ2)2 − (ϵ′ · k̂)2 + 0 , (10.27)

and
1

2
[(ϵ′ · ϵ1)2 + (ϵ′ · ϵ2)2] =

1

2
(1− (ϵ′ · k̂)2) . (10.28)

So, then

dσ

dΩ
=

α2

2m2

(
k′

k

)2

(1− (ϵ′ · k̂)2) (unpolarized initial photon) . (10.29)

2) Neither initial nor final helicity. Now, let us consider the case where we
do not measure the polarization of the final photon either. This is realistic if we
are only using a calorimeter as a detector. In this case:

dσ

dΩ
=
dσ

dΩ

∣∣∣
ϵ′1

+
dσ

dΩ

∣∣∣
ϵ′2

. (10.30)

Using the same identity (10.25) with u = k̂ and the basis ( p
m
, ϵ′1, ϵ

′
2, k̂
′), we have

k̂2 = −1 = −(k̂ · ϵ′1)2 − (k̂ · ϵ′2)2 + (k̂ · k̂′)2 . (10.31)

Then, we obtain

dσ

dΩ
=

α2

2m2

(
wk′

wk

)2

(1 + cos2 θ) (unpolarized initial and final γ) , (10.32)

where θ is the angle between the incoming photon k and the outgoing k′. In the
NR limit, |k| ≪ m, |k′| ≃ |k|, and

dσ

dΩ
≈ α2

2m2
(1 + cos2 θ) , (10.33)

σ ≈ 8πα2

3m2
=

8πr2e
3

= σT , (10.34)

where σT is the Thomson cross-section, and re = α
m

is the classical radius of
the electron. These NR formulae are universal and hold for massive particles of
arbitrary spin, not only for scalars.
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10.3 Pion-antipion Scattering

Let us now consider the reaction π+π− → π+π−. We will calculate the matrix
element to the first non-vanishing order O(e2). We have the following diagrams

π−
p1

π+

p2

π−
p3

π+

p4(s-channel)

π−
p1

π−
p3

π+

p2
π+

p4

(t-channel)

The amplitude for the t-channel is

iM(t) = [(−ie)(p1 + p3)
µ][(+ie)(p2 + p4)

ν ]×Dµν(p1 − p3). (10.35)

Dµν is the photon propagator. We can take any gauge for it but one should
remember that once it is fixed one has to use the same expression in all diagrams.
For instance, we could take

Dµν(k) =
(−i)

(p1 − p3)2

[
gµν − (1− α)(p1 − p3)µ(p1 − p3)ν

(p1 − p3)2

]
(10.36)

or

Dµν(k) =
i

(p1 − p3)2

[
−gµν −

kµkν − (k · n)nµkν − (k · n)nνkµ

k2

]
. (10.37)

Note that (p1 + p3) · (p1 − p3) = p21 − p23 = m2
π − m2

π = 0, so the gauge-
dependent part of the photon propagator is not relevant for iM(t). A similar
thing happens for iM(s) in the s-channel diagram. Therefore, for this process,
the gauge dependent part cancels on a diagram-by-diagram basis. Overall, both
diagrams give the following results:

iM(t) = −ie2 (p1 + p3) · (p2 + p4)

(p1 − p3)2 + iη
, (10.38)

iM(s) = −ie2 (p1 − p2) · (p4 − p3)
(p1 + p2)2

, (10.39)

and the total amplitude is iM = iM(t) + iM(s).



148 Materials Antonio Pineda

Let us now obtain the NR limit. In the center-of-mass frame,

p0π− ≈ mπ +
p2

2m2
π

p0π+ ≈ mπ +
p2

2m2
π

p′0π− ≈ mπ +
p′2

2m2
π

p′0π+ ≈ mπ +
p′2

2m2
π

.

In this limit, one can ignore the s-channel diagram and approximate the t-
channel contribution to the following expression

iM≈ iM(t) ≈ i
e2(4m2

π)

(p− p′)2
. (10.40)

This is indeed (proportional to) the Coulomb potential in momentum space.
The factor 4m2

π could be reabsorbed in the definition of the pion fields: ϕ(x)→√
2mϕ(x). We discuss this issue further in the next chapter.

With small variations of this exercise, we can consider many other possible
processes. We list some of them in the following exercise.

Exercise

Compute the matrix element and the differential cross section at tree
level of the following processes: π+π+ → π+π+, π+K− → π+K− and
π+π− → γγ. Consider their NR limit when possible.

It is interesting to see how, depending on the channel, some Feynman diagrams
appear while others do not. It is also very important to recognize the universality
of the Coulomb potential in the NR limit. It appears in all cases, only the charge
of the scattered particles changes (so the interaction is repulsive for equal charged
particles). As we will discuss further in the following chapter, this result also
applies beyond scalar particles.
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11 NRQED. Applications

1 We now proceed to study NRQED, the theory introduced in Sec. 9.2. We
begin by deriving the Feynman rules using the methods developed in Chapter
8. The equivalence between these Feynman rules and the direct application of
Eq. (9.26) was already discussed in Secs. 9.2.2 and 9.2.3.

11.1 Feynman Rules of NRQED

Consider the Lagrangian (9.10) expanded:2

L = φ†
(
i∂0 +

∇2

2m

)
φ︸ ︷︷ ︸

L0

−eφ†A0φ︸ ︷︷ ︸
L(A)

− ie

2m
φ†∇ ·Aφ)− ie

2m
φ†A ·∇φ︸ ︷︷ ︸

L(B)

− e2

2m
φ†A2φ︸ ︷︷ ︸
L(C)

.

(11.1)
We first calculate the propagator D(k) = iP̃−1(k) following the prescriptions of
Chapter 8. For this, we consider L0. We can identify P to be

P(x− y) = (i∂0 +
∇2

2m
)δ(4)(x− y).

We need to invert it. Using∫
d4yP(x− y)P−1(y − z) = δ(4)(x− z),

we see that (k0 − ck k2

2m
)P̃−1(k) = 1. So, the propagator reads

D(k) = iP̃−1(k) = i

k0 − k2

2m + iη
δαβ . (11.2)

β αk

In the last equality we have added a Kronecker delta factor to indicate the spin
of the particles, if any.

1For clarity, in this chapter, we omit introducing the ̂ notation for the operators of QFT
but we will still keep them for operators in quantum mechanics.

2The photon propagator has already been worked out before. Therefore, we do not repeat
the discussion here.
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Now, let us calculate the different vertices. For L(A), we have

α(A)(x;x1, x2, x3) = −eδ(x− x1)δ(x− x2)δ(x− x3).

Doing the Fourier transform, we obtain α̃(A) = −e. So the Feynman rule reads

I(A) = −ieδαβ (11.3)

k3 k2

−k3 − k2

Figure 11.1: Feynman diagram associated with the Feynman rule, (11.3).

where, again, we have added a Kronecker delta factor to indicate that the inter-
action is diagonal in the spin space.

For L(B), we first integrate by parts and rewrite it as

L(B) = − ie

2m
(−(∇φ†)Aφ+ φ†A(∇φ)).

Exercise

Show that the Feynman rule of this vertex reads

I(B) =
ie

2m
(k3 − k2)δαβ . (11.4)

k3 k2

i

−k3 − k2

Figure 11.2: Feynman diagram associated with the Feynman rule, (11.4).

Finally, let us consider L(C). Due to the combinatorics (there are two A’s), and
because α̃ = − e2

2m
δij, we have:

I(C) = −ie
2

m
δijδαβ . (11.5)
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k4 k3

i j

k1k2

Figure 11.3: Feynman diagram associated with the Feynman rule, (11.5).

For all these Feynman rules, the direction of the NR particle is fixed. Therefore,
we cannot rotate the diagram to generate new physical processes as we did in
the relativistic case (see the discussion below Fig. 10.4). Note, however, that
this qualification does not apply to the photon part of the Feynman rule, which
can be deformed at will, as in the relativistic case.

11.2 Compton Scattering to O(e2) in NRQED

For the process π− + γ → π− + γ to order e2, we have three diagrams:

p1

p2

p3

p4
(1)

p1

p2

p3

p4
(2)

p1

p2

p3

p4
(3)

Using the Feynman rules computed above and the methodology discussed in
Chapter 8, we can construct the matrix element. Let us compare the importance
of these terms. For each vertex, we have a factor 1/m. So, at low energies, the
diagram (3) gives the leading contribution to the S-matrix:

iM = −ie
2

m
ϵ2 · ϵ4 (low energy) . (11.6)

But in the relativistic case, we had iM(3) = 2ie2ϵ2 · ϵ4 = −2ie2ϵ2 · ϵ4 (to ease
computations, we use Coulomb gauge and work in the Lab frame). The factor
of 1

2m
difference is due to the different convention for the normalization of the

creation and annihilation operators and does not affect physical results. We
discuss this later.

In fact, this result is universal, independent of the spin of the massive particle.
For a particle with spin, the result is obtained by multiplying Eq. (11.6) by
the identity matrix in the spin space, i.e. a Kronecker delta δαβ. This is one
example of what is called a low-energy theorem.
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11.3 Connection to the NR Quantum Theory

In this section, we discuss the relations between QED, NRQED, the NR con-
structions of QFTs developed in Chapter 2 and NR quantum mechanics courses
in general. For the latter, we have in mind a course based on books like [12], for
instance.

11.3.1 Connecting the Relativistic and NR Fields

We first connect scalar QED with NRQED. We have already seen that, up to an
overall constant factor, we obtain the same result for the Compton scattering at
low energies. We now quantify this similarity.

The conventions for the normalization of the commutation relations were chosen
differently in the relativistic (R) and (NR) theories. They read as follows:

[aR(k), a
†
R(k

′)] = (2π)dδ(d)(k− k′)2ωk , (11.7)

[aNR(k), a
†
NR(k

′)] = (2π)dδ(d)(k− k′) . (11.8)

We can relate them using the following definition: aNR ≡ aR√
2wk
≃ aR√

2m
. We can

then use the fields defined in Eq. (4.16) and the Lagrangian in Eq. (4.17). This
Lagrangian, in the NR limit, can be approximated to

L ≃ ϕ
(−)
NR(x)

(
i∂0 −m+

∇2

2m

)
ϕ
(+)
NR(x) . (11.9)

This very much resembles the Lagrangian in Eq. (2.1) with V (x) = 0. There is a
mismatch, though, due to the constant mass term in the Lagrangian. Therefore,
we define (in the NR limit):

φ(x) = eimx0

ϕ
(+)
NR(x) ≃ eimx0√

2mϕ(+)(x) . (11.10)

This shifts the energy levels by a constant and finally matches the expression
we had in Eq. (2.1) with V (x) = 0. Using Eqs. (11.7), (11.8) and (11.10), we
obtain the following relation between the S-matrix elements in both theories:

1

2m
⟨0|aR · · · (· · ·ϕ · · · ) · · · a†R|0⟩ ≃ ⟨0|aNR · · · (· · ·φ/(

√
2m) · · · ) · · · a†NR|0⟩ .

(11.11)
This explains the factor 2m difference between Eq. (10.17) and Eq. (11.6).

11.3.2 Electron-proton Scattering in NRQED

Let us now discuss the electron-proton scattering at low energies. The result is
the same as the π−π+ → π−π+ (or π−K+ → π−K+) scattering at low energies
multiplied by the identity in spin of the electron and proton: δσ1σ′

1
δα2α′

2
. Such
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process can be determined using the following Lagrangian density that describes
a NR charged pion (φ) and antipion/antikaon (χc) interacting with photons

L = φ†(t,x)

{
iD0 +

D2

2m1

}
φ(t,x) (11.12)

+χ†c(t,x)

{
iDc

0 +
D2

c

2m2

}
χc(t,x)

−1

4
FµνF

µν ,

where iDc
0 = i∂0 + eA0 and iDc = i∇− eA.

The leading contribution in the 1/m expansion comes from the following diagram

π−
p1

π−
p′1

π+

p2
π+

p′2

At leading order in the 1/m expansion, we obtain (k = p1 − p′1)

iM = ie2
1

k2
. (11.13)

This is exact in the Coulomb gauge. Nevertheless, we emphasize that this result
holds true regardless of the gauge used for the longitudinal component of the
photon field. In a general gauge, the denominator of the propagator has a k0

dependence: k20 − k2. However, this dependence can be neglected in the NR
limit since k20 ≪ k2.

If we compare Eq. (11.13) and Eq. (10.40), we observe that they are equal up
to a factor of (2m)2 (or (2m1)(2m2) for different particles). This is consistent
with adding a factor

√
2m for each external particle, as discussed in Sec. 11.3.1.

As we have already seen, the S-matrix is proportional to the Coulomb potential
in momentum space. We would now like to connect this observation with a NR
quantum mechanical formulation. We first observe that this contribution to the
S-matrix can be obtained from the original HI using only Eq. (9.28):

δHI =
e2

8π

∫
ddx ddy ρ(x) ρ(y)

1

|x− y|
. (11.14)
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For this to hold, we must generalize the discussion in Sec. 9.2 to the case where
several NR particles with (possibly) different charges are present. This means
generalizing the charge density in Eq. (9.16) to the following expression:

ρ = Qφφ
†φ+Qχcχ

†
cχc + · · · , (11.15)

where the dots represent additional NR particles that may be present in the
system. The overall normalization of the charge, e, has been factored out in the
interaction term. Therefore, in nature, we typically have that QX takes integer
or fractional values. In our case, we take Qφ = 1 and Qχc = −1.

Eq. (11.14) is a non-local (in space) four field operator. This very much resem-
bles the interaction term we had in Eq. (2.77):

HI =

∫
ddx1d

dx2(φ
†χ†c)(x1)V (|x1 − x2|)(χcφ)(x2) , (11.16)

where (α = e2/(4π))

V = − α

|x|
and Ṽ = − e2

|k|2
. (11.17)

Strictly speaking, Eq. (11.14) is more general and also applies to different chan-
nels.3 The equivalence with Eq. (11.16) holds only when we consider the partic-
ular channel where we have one particle φ and one antiparticle χc. We discuss
this further below.

Let us keep the potential general for a moment. If we compute the S-matrix
element to order V using Eq. (11.16), we obtain

⟨f |(−i)
∫ ∞
−∞

dτHI(τ)|i⟩ ≈ (2π)4δ(4)(pf − pi)(−iṼ (k)) , (11.19)

where k = p1−p′1 in the center-of-mass frame. Note that we have translational
invariance for the center-of-mass coordinate. Here, Ṽ is the Fourier transform
of V (|x1 − x2|). Therefore, at tree level, we can make the following assignment
in the NR limit:

Ṽ = i(iM) . (11.20)

3Eq. (11.14) also generates extra terms when the four fields represent the same particle. In
this case, Eq. (11.14) can be split into the normal-ordered term, which would correspond to
Eq. (11.16) for the particle-particle channel, plus one extra contribution that has the following
form:

∼ V (0)φ†φ . (11.18)

This term is formally infinity. Nevertheless, it can be reabsorbed into the definition of m,
which goes into the eimx0

phase that appeared in Eq. (11.10). This provides a first, primitive,
example of renormalization.
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We have already seen this in QED with the Coulomb potential. Nevertheless,
one could also consider replacing the photon with a massive boson. Let us call it
Z, with a coupling e. The associated potential would then have a Yukawa form:

Ṽ = − e2

k2 +m2
or V = − α

′

|x|
e−m|x| . (11.21)

Eq. (11.20) is nothing but the Born approximation that appears in quantum
mechanics courses. But we can go beyond this. We saw in Exercise 1 in Sec. 2.3
that, in a quantum mechanical formulation, the Lagrangian (2.77) describes a
physical system composed of two NR particles interacting via a potential V (x).
The solution of the associated Schrödinger equation, Eq. (2.79), incorporates
all-order terms in the V (x) expansion, whereas the perturbative computation of
the S-matrix we performed in Eq. (11.20) is only valid to O(V ). We now look
at how the perturbative computation of the S-matrix to all orders in V recovers
the Schrödinger equation. We discuss this issue in the next section.

11.3.3 Lippmann-Schwinger Equation

We now want to go beyond O(e2). At order O(e4), we have several possible
diagrams. In the NR limit, the leading one is the following

e
p1

k1
e
p′1

q1

p
p2

k2

q2

p
p′2

Let us now compute it. We will also use it as an example of a loop computation.
We will evaluate this matrix element for the general case of two NR particles
with different masses (for instance, an electron and a proton). We neglect the
spin of the particles, as the result is diagonal in spin space.

We will do the computation in the Coulomb gauge. In this gauge, the longitu-
dinal photon propagator is equivalent to the interaction term

δHI =
e2

8π

∫
ddxddy

ρ(x)ρ(y)

|x− y|
.
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The contribution to the S-matrix from this diagram then reads

⟨f |S|i⟩ =̇ (−ie)2(ie)2
∫

d4k1
(2π)4

d4k2
(2π)4

d4q1
(2π)4

d4q2
(2π)4

(11.22)

×(2π)4δ(4)(p1 − q1 − k1)(2π)4δ(4)(p2 + q1 − k2)
×(2π)4δ(4)(k1 − p′1 − q2)(2π)4δ(4)(k2 + q2 − p′2)

× i

k01 −
k2
1

2m1
+ iη

i

k02 −
k2
2

2m2
+ iη

i

q2
1

i

q2
2

.

The momenta p1 and p2 are incoming and p′1 and p
′
2 are outgoing. The direction

of q1 and q2 is irrelevant. The k1 and k2 flow in the left-to-right direction.

We have four Dirac deltas, one for each vertex. We also have four integrals, one
for each propagator. We will be able to remove three integrals using the Dirac
deltas but one Dirac delta will remain, producing the overall energy-momentum
conservation. This implies that one of the integrals will remain. This is the
loop. Overall, we get

⟨f |S|i⟩=̇(2π)4δ(4)(p1 + p2 − p′1 − p′2) (11.23)

×(−e2)2
∫

d4q

(2π)4
i

q2

i

(p1 − p′1 − q)2

× i

(p01 − q0)−
(p1−q)2

2m1
+ iη

i

(p02 + q0)− (p2+q)2

2m2
+ iη

.

The integration over q0 can easily be done using Cauchy’s theorem:∫
dq0

(2π)

i

(p01 − q0)−
(p1−q)2

2m1
+ iη

i

(p02 + q0)− (p2+q)2

2m2
+ iη

(11.24)

=
i

(p01 + p02)−
(p1−q)2

2m1
− (p2+q)2

2m2
+ iη

.

Using this result, and rewriting the integral in terms of the center-of-mass coor-
dinates in momentum space (η1 = m1/(m1 +m2) and η2 = m2/(m1 +m2)):

p1 = η1P+ p p2 = η2P− p ,

we obtain

⟨f |S|i⟩=̇(2π)4δ(E − E ′)δ(3)(P−P′)e4 (11.25)

×
∫

ddq

(2π)d
1

(p− q)2
1

(p′ − q)2
i

E − P2

2M
− q2

2mr
+ iη

,
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where E = p01 + p02, M = m1 + m2 is the total mass, and mr = m1m2

m1+m2
is the

reduced mass.

We are now in a position to connect with the notation used in NR quantum
mechanics.

Reminder of notation in quantum mechanics

In position space, we have the following equalities

⟨x′|x⟩ = δ(d)(x− x′) , ⟨x′|V̂ (x̂)|x⟩ = δ(d)(x− x′)V (x) , (11.26)

whereas in momentum space we have

⟨p′|p⟩ = (2π)dδ(d)(p− p′) , ⟨p′|V̂ (x̂)|p⟩ = Ṽ (p′ − p) . (11.27)

This means that the free propagator is local in momentum space (something
that we already knew):

⟨P′|⟨p′| i

E − P̂2

2M
− p̂2

2mr
+ iη
|P⟩|p⟩ (11.28)

= (2π)dδ(d)(P−P′)(2π)dδ(d)(p− p′)
i

E − P2

2M
− p2

2mr
+ iη

,

where |P⟩|p⟩ = a†NR(p1)a
†
NR(p2)|0⟩.

Using this notation, we can combine Eqs. (11.13) and (11.25) in the following
way:

⟨P′|⟨p′|Ŝ|P⟩|p⟩ = −i(2π)δ(E − E ′) (11.29)

×⟨P′|⟨p′|
(
V̂ + V̂

1

E − T̂ + iη
V̂ +O(e6)

)
|P⟩|p⟩ ,

where we have defined:

T̂ ≡ T̂X + T̂x =
P̂2

2M
+

p̂2

2mr

, (11.30)

which is the free kinetic energy. We also have that V = − α
|x| . Nevertheless, the

discussion can be made for a general potential.

The result obtained in Eq. (11.29) can be extrapolated to an all-order result in
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the NR limit:

⟨f |Ŝ|i⟩ = −i(2π)δ(E − E ′) (11.31)

×⟨P′|⟨p′|
(
V̂ + V̂

1

E − T̂ + iη
V̂ + V̂

1

E − T̂ + iη
V̂

1

E − T̂ + iη
V̂ + · · ·

)
|P⟩|p⟩

= −i(2π)δ(E − E ′) ⟨P′|⟨p′|
(
V̂ + V̂

1

E − T̂ − V̂ + iη
V̂

)
|P⟩|p⟩ .

This formula is the Lippmann-Schwinger equation, which is the S-matrix
realization of the Schrödinger equation. This is equivalent to the summation of
the following infinite set of diagrams in the NR limit

+ + + · · ·

Since the dependence on the total three-momentum of the system is trivial (P
remains constant), one could work in the center-of-mass frame, where P = 0,
and omit its explicit dependence. Either way, it is interesting to note that the
following propagator appears in the S-matrix element (ĥx = T̂x + V̂ (x)):

⟨x′| 1

E − ĥx + iη
|x⟩ , (11.32)

which satisfies the Green’s function condition:

(ĥx − E)⟨x′|
1

E − ĥx + iη
|x⟩ = −δ(3)(x′ − x) . (11.33)

This means that, by studying the analytic properties of the S-matrix, one can
find the poles of the propagator, which is tantamount to obtaining the energy
levels of hydrogen (or whatever analogous system we are studying). Alterna-
tively, solving the Schrödinger equation provides a representation of the hy-
drogen Green’s function, which can then be used in the Lippmann-Schwinger
equation and in the S-matrix.

On the diagrammatic side, it is better to represent the Lippmann-Schwinger
equation directly in terms of the potential (the Coulomb potential in our case):
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VC +

e

VC VC + VC VC VC + · · ·

Once drawn this way, the result is exact and gauge independent (unlike when
drawn in terms of the longitudinal component of the gauge boson). This formu-
lation is also convenient for incorporating corrections to the Schrödinger equa-
tion, as we will discuss next. The key point is that a fixed-order computation (a
tree level one in our case) generates an all-order result by using the Lippmann-
Schwinger equation. Let us illustrate this with the following exercise:

Exercise

Compute the following diagram for the vertices that appear in Eq. (11.12)
in the NR limit

e
p1

e
p′1

iδM =

p
p2

p
p4

The zigzag propagator indicates a transverse photon.

One can generalize Eq. (11.20) to include this relativistic correction using

iδM = −iδV.

This correction will also generate an infinite number of diagrams. These can be
concisely incorporated in the Lippmann-Schwinger equation by simply modifying
the potential:

VC → VC + δV . (11.34)

Interpreted in this way, one can obtain the effect associated with iδM using
standard methods from quantum mechanics courses.4

4A warning though. When corrections to the Coulomb potential are considered, individual
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11.4 NR Particles in an External Potential

In the previous section, we saw how to derive the Schrödinger equation for
the hydrogen atom (and similar systems) from a QFT. We also discussed how
corrections to the Coulomb potential are obtained. However, the connection
with the formulation in Chapter 2 is not yet complete. In that chapter, we had
a QFT made of free NR particles in an external potential. One can make the
connection by considering the proton (or nucleus) to be infinitely heavy, so that
it behaves as a fixed external source of electromagnetic interactions. We then
have NR electrons, which can interact either among themselves or with physical
photons. If we switch off these interactions, we end up with a system of free
NR electrons in an external field. By keeping them, we will be able to deduce
the interactions of these NR particles in an external Coulomb potential with
photons (and therefore, indirectly, among themselves).

Let us quantify this discussion. Recall that we work in the interaction picture.
We first consider the propagator for the heavy particle field χc (a proton, for
instance):

⟨0χc|T{χc(x
′)χ†c(x)}|0χc⟩ = θ(x′0 − x0)⟨0χc|χc(x

′)χ†c(x)|0χc⟩

=

∫
d4k

(2π)4
e−ik(x

′−x) i

k0 − k2

2mp
+ iη

1no-χc . (11.35)

In the limit mp →∞, the propagator in position space becomes:

⟨0χc|T{χc(x
′)χ†c(x)}|0χc⟩

mp→∞−−−−→
∫

d4k

(2π)4
e−ik(x

′−x) i

k0 + iη
(11.36)

= θ(x′0 − x0)δ(3)(x′ − x)1no-χc .

This represents a particle that does not move, it remains static.

In the above equations, we are using the vacuum associated exclusively with the
particle χc. This differs from the standard computation of a propagator, where
the time-ordered operators are sandwiched between the full vacuum. Therefore,
the expressions in Eqs. (11.35) and (11.36) are to be understood as identity
operators acting on the Hilbert space of all particles except χc, which we have
indicated with the operator 1no-χc .

Now, let us compute (generically, we will consider that x′0 > x0)

⟨0χc|χc(x
′)Hχ†c(x)|0χc⟩ ,

tree-level diagrams may be gauge dependent, and loop diagrams could also generate corrections
to the potentials. A complete set of diagrams is therefore needed to obtain a meaningful
correction to the potential.
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where
H = H(0)

χc
+H

(0)
other +HI .

Since mp → ∞, Ĥ
(0)
χc = 0. Ĥ

(0)
other stands for the free Hamiltonian of the other

degrees of freedom. It commutes with χc. Then:

⟨0χc |χc(x
′)Hχ†c(x)|0χc⟩ = θ(x′0 − x0)δ(3)(x′ − x)H

(0)
other1no-χc

+⟨0χc |χc(x
′)HIχc

†(x)|0χc⟩ . (11.37)

Let us now focus on HI . It can be split into the term that only depends on other
degrees of freedom, Hother

I , and the term that mixes those degrees of freedom
with χc. This latter term comes from Eq. (11.14), with the qualification that
we set Qχc = −Z, allowing for a general heavy nucleus. We then obtain

⟨0χc |χc(x
′)HIχc

†(x)|0χc⟩ = 1no-χcθ(x
′0 − x0)δ(3)(x′ − x) (11.38)

×
(
Hother

I +

∫
ddy

(
−Ze2

4π

1

|x− y|

)
φ†(y)φ(y)

)
.

In this expression, the nucleus field has disappeared from the equation, effec-
tively creating a Coulomb potential field of strength Zα located at x. At the
Lagrangian level this term can be incorporated using the following term:

− δLI =

∫
ddyφ†(y)

Zα

|y − x|
φ(y) , (11.39)

and we can recover the Lagrangian we had in Eq. (2.1) of Chapter 2:

L(0)
φ =

∫
ddxφ†(x0,x)

(
i∂0 +

∇2

2m
− Zα

|x|

)
φ(x0,x) , (11.40)

where we have located the heavy nucleus at the origin.5 On top of that, we can
trivially include the interactions of the electron(s) with photons due to Ĥother

I

by including the interaction terms, LI , one had in Eq. (9.10). We illustrate this
in the following sections.

Overall, the above derivation can be interpreted as creating an effective field
theory of NR particles in an external field from the original S-matrix projected
onto the one-proton sector:

Seffθ(x
′0 − x0)δ(3)(x′ − x) = ⟨0χc |T{χc(x

′)e−i
∫
dy0HI

I (y
0)χc

†(x)}|0χc⟩ . (11.42)
5We could easily generalize to the situation where we have several static charged particles

located at positions xi by changing the Coulomb potential to

− Zα

|x|
→ −

∑
i

Ziα

|x− xi|
. (11.41)
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11.4.1 Radiative Transitions of Hydrogen

The results obtained in the previous section allow us to compute the radiative
transitions of hydrogen-like systems. Our starting point is the Lagrangian

L =

∫
ddxφ†(t,x)

(
i∂0 +

D2

2m
+
Zα

|x|

)
φ(t,x)−

∫
ddx

1

4
FµνF

µν , (11.43)

where φ(x) describes the hydrogen(-like) atom field and iD = i∇ + eA is the
covariant derivative, which we split in the following way:

L = L(0)
φ + Lγ + LI , (11.44)

where L
(0)
φ is the Lagrangian of free NR particles in an external potential (the

Coulomb potential in our case) obtained in the previous section, i.e. Eq. (11.40).
Lγ = −1

4

∫
ddxF 2, and the interaction term can be approximated by the follow-

ing expression for the purposes of this section:

LI ≈
∫

(
−ie
m

)ddxφ†A ·∇φ (Coulomb gauge).

We will calculate the decay of hydrogen in the quantum state n into hydrogen
in the quantum state n′ plus a photon. Our initial state is

|i⟩ = |n⟩|0γ⟩ = a†n|0φ⟩|0γ⟩ = a†n|0⟩ ,

where a†n is the creation operator of a hydrogen-like state with quantum numbers
n. We neglect recoil effects (mp → ∞). Therefore, we set its center-of-mass
momentum to zero (both for the initial and final states).

Our final state is

|f⟩ = |n′⟩ ⊗ a†(k, σ)|0γ⟩ = a†n′a
†
σ(k)|0⟩.

We now compute the S-matrix to O(e).

⟨f |i
∫
dx0LI

I(x
0)|i⟩ (11.45)

=

∫
dx0

(
−ie
m

)∫
ddx⟨n′|⟨0γ|aσ(k)φ†(t,x)A(t,x) · (∇xφ(t,x))|n⟩|0γ⟩ ,

where, as usual,

A(x0,x) =

∫
dq̃
∑
σ′

(ϵσ′aσ′(q)e−iqx + ϵ∗σ′a
†
σ′(q)e

iqx) , (11.46)
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and

φ(x0,x) =
∑
n

ane
−iEnx0

ϕn(x) . (11.47)

We can factor out the computation associated with the photon from the one
associated with the bound state (q0 = Eq = wq):

⟨f |S|i⟩ =
(
−ie
m

)∫
dx0ddx

∫
dq̃

(∑
σ′

⟨0γ|aσ(k)a†σ′(q)|0γ⟩ϵ∗σ′(q)

)
eiqx

× ⟨n′|ϕ†(t,x)(∇ϕ(t,x))|n⟩ = . . .

=

(
−ie
m

)
(2π)δ(En − ωk − En′)ϵ∗σ(k) ·

∫
ddxϕ∗n′(x)e−ik·x(∇ϕn(x)) . (11.48)

This last integration can be written in regular quantum mechanics as∫
ddxϕ∗n′(x)e−ik·x(∇ϕn(x)) = i⟨n′|e−ik·x̂p̂|n⟩.

This expression can be simplified using the multipole expansion: e−ik·x = 1 +
O(α). This follows from the fact that |k| = wk ∼ mα2 for the photon energy,
whereas 1/|x| ∼ mα, for the inverse radius of the atom.

The S-matrix element can be written compactly as follows

⟨f |S|i⟩ = ⟨f |i⟩+ i(2π)δ(Ef − Ei)⟨f |M|i⟩ , (11.49)

where

⟨f |M|i⟩ = − e

m
ϵ∗σ(k)i⟨n′|p̂|n⟩ . (11.50)

This result does not have the three-momentum conservation Dirac delta be-
cause the original Lagrangian (11.44) does not have translational invariance.
Obviously, physics is translation invariant. The reason we do not see an ex-
plicit three-momentum conservation delta is because we have factored it out of
the S-matrix element computed above. See Eq. (11.31) for an illustration of a
place where we still explicitly write the total three-momentum Dirac delta in
the S-matrix element.

Since there is no explicit translation symmetry, and the normalization of the
states is different, we have to repeat the derivation for the cross sections and
decays we did in Sec. 5.5. Here we perform a slightly different and simplified
derivation. We now have

Wf←i = (2π)δ(0)(2π)δ(Ef − Ei)|⟨f |M|i⟩|2 , (11.51)
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where Ef = En′ + wk and Ei = En. δ(0) is infinity so we have to look at its
original expression to regularize it.

(2π)δ(Ef − Ei) = lim
T→∞

∫ T/2

−T/2
dx0e−ix

0(Ef−Ei) . (11.52)

Then, (2π)δ(0) ≃ T , and the transition probability is infinite. Nevertheless,
a finite number is obtained for the transition probability per time unit, which
corresponds to the differential decay rate:

dP

dx0
= (2π)δ(Ef − Ei)|⟨f |M|i⟩|2dQ = dΓ. (11.53)

Unlike in the relativistic case, there are no additional factors needed to obtain dΓ.
This is because we are already in the NR limit, where the states are normalized
without any energy factors. See the analogous discussion in Sec. 5.5.1.

Eq. (11.53) yields our first example of a Fermi’s golden rule. We now want to
compute the total decay width associated with this radiative transition. There-
fore, we sum over the final helicities of the photon and integrate over the whole
phase space (note that the phase space integration measure for the photon is
still the standard relativistic one), obtaining

Γ(n→ n′γ) =
∑
σ

∫
dk̃(2π)δ(Ef − Ei)|⟨f |M|i⟩|2

=
e2ω3

k

8π2

∫
dΩ
∑
σ

|ϵ∗σ · xn′n|2 =
e2ω3

k

3π
|xn′n|2 , (11.54)

where we have used the Ehrenfest theorem i⟨n′|p|n⟩ = m(En − En′)⟨n′|x|n⟩ ≡
mωkxn′n.

11.4.2 Interaction with a Classical Electromagnetic Field

Classical electromagnetic fields can, in some limits, be described using coherent
states. Let us first recall some known results from quantum mechanics courses.
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Exercise 1

Coherent states. Consider the following Hilbert space:

[a, a†] = 1, [a, a] = [a†, a†] = 0,
(
a†
)n |0⟩

a) Prove that the projector on the vacuum can be written in the following
way

|0⟩⟨0| =: e−a
†a :

b) If we consider the states

|n⟩ = 1√
n!

(
a†
)n |0⟩

|c⟩ = exp

{
−1

2
|c|2
} ∞∑

n=0

cn√
n!
|n⟩

i) Determine ⟨n|n⟩ and ⟨c|c⟩.
ii) Prove that a|c⟩ = c|c⟩.
iii) If we define N = a†a compute N̄ ≡ ⟨c|N |c⟩ and

(∆N)2 ≡ ⟨c|N2|c⟩ − (⟨c|N |c⟩)2

Using the results of this exercise, we are in the position to generate a classical
electromagnetic field. To make this connection smoothly, it is convenient to work
in a finite volume V (which quantizes the allowed values of the three-momentum
k of the photon). For simplicity, we will consider V to be a square box (though
our results will not depend on this), and work with the commutation relations:

[ar(k), a
†
r′(k

′)] = δrr′ δkk′ .

This means that the vector photon field reads

A =
∑
k, r

1√
V

1√
2ωk

(
ϵr(k) ar(k) e

−ik·x + ϵ∗r(k) a
†
r(k) e

ik·x) . (11.55)

One then constructs the following coherent state:

|c⟩ ≡ |c(k, r)⟩ = exp

{
−1

2
|c|2
} ∞∑

n=0

cn√
n!
|n⟩ ,

where

|n⟩ = 1√
n!

(
a†r(k)

)n |0⟩ .
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This coherent state has the same properties as the state |c⟩ in the previous
exercise, but generalized to an infinite number of degrees of freedom. Namely,

⟨c(k, r)|c(k′, r′)⟩ = δr,r′δk,k′ , a†r(k)|c(k′, r′)⟩ = δr,r′δk,k′c|c(k′, r′)⟩ . (11.56)

The average number of photons of this state is related to the absolute value of
c:

N̄ = ⟨c(k, r)|N |c(k′, r′)⟩ = |c|2δr,r′δk,k′ (11.57)

and the root-mean-square fluctuation yields (for simplicity we take equal coher-
ent states)

∆N =
√
⟨c|N2|c⟩ − N̄2 = |c| (11.58)

This result is important. Even though |c⟩ is not an eigenstate of N , the relative
fluctuation in the number of photons reads

∆N

N̄
=

1√
N̄
, (11.59)

which goes to zero if N̄ = |c|2 →∞.

Exercise 2

Compute ⟨c|A|c⟩, ⟨c|E|c⟩, and (∆E)2 ≡ ⟨c|E2|c⟩ − (⟨c|E|c⟩)2 .

The result of this exercise shows that the electromagnetic part of the matrix
elements behaves as a classical field for large values of |c|. We illustrate this
below with the following example.

Emission/Absorption of a photon by a hydrogen atom

We can now compute the total transition rate for absorption or emission of a
photon by hydrogen-like systems in an external classical electromagnetic field
characterized by a coherent state |c(k, r)⟩. We interpret this as a hydrogen atom
being in a medium full of photons. In some aspects, this computation is similar
to the one performed in the previous section. On the other hand, it can be
considered a kind of Compton scattering where the photon is classical (actually
an external source).

We can take advantatge of the computation from the previous section. Basically,
we only have to change the initial and final photon states. Therefore, we have

⟨f |S|i⟩ = − ie
m

∫ ∞
−∞

dx0
∫
ddx⟨c(k, r)|A(x0,x)|c(k, r)⟩

×⟨n′|φ†(x0,x)(∇φ(x0,x))|n⟩ , (11.60)
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where the expression for A in the conventions of this section can be found in
Eq. (11.55).

Using the properties of the photon coherent state and doing the integration over
time, we obtain

⟨f |S|i⟩ = −ie
m

1√
2ωk

{
(2π)δ(−ωk + En − En′)ϵr(k)

c∗r√
V

∫
ddxϕ∗n′eik·x(∇ϕn(x))

+(2π)δ(ωk + En − En′)ϵ∗r(k)
cr√
V

∫
ddxϕ∗n′e−ik·x(∇ϕn(x))

}
. (11.61)

Note that, as in the previous section, we could use the multipole expansion for
the matrix element if we wanted to. Nevertheless, we will keep the expressions
general.

As in the previous section, there is no three-momentum conservation, since, at
this level, there is no translational invariance. There are, however, important
conceptual differences regarding the energy-conservation Dirac deltas. The rea-
son is that we are working with coherent states, which do not have a well-defined
energy. While the final energy has to be equal to the initial energy, neither is
unique. From this result, we see that the coherent state acts as a reservoir of
photons (or energy) that allows the hydrogen to change state. The classical
electromagnetic field can act as a source or a sink of photons and two energy
Dirac deltas appear, one for absorption, and the other for emission.

Following the same steps as in the previous section, we can compute the transi-
tion probability per time unit

dP

dx0
=
( e
m

)2 1

2ωk

(11.62)

×
{
(2π) δ(En − En′ − ω)

∣∣⟨n| e−ik·x̂ ϵ(k) · p̂ |n′⟩∣∣2 n̄ (emission)

+(2π) δ(En − En′ + ω)
∣∣⟨n| eik·x̂ ϵ∗(k) · p̂ |n′⟩∣∣2 n̄ (absorption)

}
,

where n̄ = N̄
V

(recall that |c|2 = ⟨c|N̂ |c⟩ = N̄). The first option is emission
and the 2nd is absorption of the photon. One may ask how to obtain the
infinite volume limit. One can take the limit V → ∞ and N → ∞ with n̄ =
N
V

= constant and finite, i.e. with a finite photon number density per volume
unit. This yields a finite limit for dP/(dx0), and another example of a Fermi’s
Golden rule.

Finally, we leave the reader with the following take-home exercise:
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Exercise

For the same coherent state, |c(k, r)⟩ study the photoelectric effect (the
ejection of an electron when the atom is placed in the radiation field).

11.5 Exercises

1. Consider the following correction to the Lagrangian density (11.12):

δL = φ†(t,x)
c
(1)
F

2m1

σ · eBφ(t,x)− χ†c(t,x)
c
(2)
F

2m2

σ · eBχc(t,x) . (11.63)

Obtain the Feynman rules for this term and compute the following diagram

e
p1

e
p′1

p
p2

p
p4

Obtain the associated correction to the potential and compute the hyper-
fine splitting for the case of hydrogen with c

(1)
F = 1 and c

(2)
F = 1+µp, where

µp is the anomalous magnetic moment of the proton. Compare the result
with experiment.

2. Redo Sec. 11.4.1 with the Lagrangian

L =

∫
ddxφ†(t,x)

(
i∂0 +

∇2

2m
+

α

|x|
+ ex · E

)
φ(t,x)−

∫
ddx

1

4
FµνF

µν .

(11.64)
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12 Quantum Gravity

The introduction of massless spin-two particles in a QFT interacting with other
(massive or massless) particles parallels the introduction of massless spin-one
particles we did in Chapters 7 and 9. There is nothing conceptually different
from the point of view of the fundamentals of QFT.1 As with the photon, a
Lagrangian that includes graviton fields has a gauge symmetry. We need to
consider a symmetric tensor hµν that, after some gauge fixing constraints, can be
written in terms of a linear combination of the graviton creation and annihilation
operators: ĥµν ∼ â + â†, analogous to the photon one: Âµ(x) ∼ â + â†. As in
the photon case, besides explicit Lorentz invariant terms, non-local terms, such
as those that appear in QED: HI ∼

∫
ddxρ(x)ρ(y)

|x−y| show up to make the S-matrix
Poincaré covariant. These terms combine with the physical graviton propagator
to form a full propagator very much as in the QED case. In this book, we will
not study quantum gravity. However, we cannot resist the temptation to give a
small list of exercises that can already be solved with the tools presented in this
book.

12.1 Exercises

1. Using the generalized Feynman rules methods from Chapter 8 determine
the propagator of the following Lagrangian:

L0 =
1

2
∂λhµν∂

λhµν − 1

4
∂λh∂

λh ,

where hµν is a symmetric tensor that describes a graviton and h ≡ hµµ.

2. Using the generalized Feynman rules methods from Chapter 8 determine
the Feynman rule for the following vertex

δL = c
√
GhµνT

µν graviton

(12.1)

where T µν is the energy-momentum tensor of a free scalar spin-zero parti-
cle, G is the Newton constant, and c is a dimensionless constant.

3. Using the results of the previous exercises, compute the scattering of two
spinless and chargeless black holes with masses M1 and M2 at the lowest

1We do not address here issues such as the (perturbative) renormalizability of the theory.
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non.vanishing order in
√
G, take the NR limit and fix the coefficient c

such that the result agrees with Newton’s law of gravitation. Discuss the
similarities with Coulomb’s law.

4. Using the generalized Feynman rules methods from Chapter 8 determine
the Feynman rule for the following vertex

δL = c′
√
GhµνT

µν (12.2)

where T µν is the energy-momentum tensor of a free photon, and c′ is a
dimensionless constant.
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